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Abstract 

Let 𝐺 be a nontrivial connected graph. A dominating set 𝐷 ⊆ 𝑉(𝐺) is called a perfect dominating set 

of𝐺 of each 𝑢 ∈ 𝑉(𝐺) ∖ 𝐷 is dominated by exactly one element of𝐷. Let 𝐷 be a minimum perfect domi-

nating set of 𝐺. If 𝑆 ⊆ 𝑉(𝐺) ∖ 𝐷 is a perfect dominating set of 𝐺, then 𝑆 is called an inverse perfect 

dominating set of 𝐺 with respect to 𝐷. A disjoint perfect dominating set of 𝐺 is the set 𝐶 = 𝐷 ∪ 𝑆 ⊆

𝑉(𝐺). Furthermore, the disjoint perfect domination number, denoted by γ𝑝γ𝑝(𝐺), is the minimum cardi-

nality of a disjoint perfect dominating set of 𝐺. A disjoint perfect dominating set of cardinalitiesγ𝑝γ𝑝(𝐺) 

is called γ𝑝γ𝑝-set. In this paper, we initiate a study of the concept of disjoint perfect domination in 

graphs and give some important results. 
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1. Introduction 

Domination in graphs dates to 1960 when Berge defined the concept of domination number which was 

then called, the coefficient of external stability [1]. The name dominating set and domination number 

was used by Ore in 1962 for the same concept [2]. Accordingly, a subset 𝐷 of a vertex set 𝑉(𝐺) in a 

graph 𝐺 = (𝑉, 𝐸) is a dominating set if every vertex 𝑣 ∈ 𝑉(𝐺) not in 𝐷is adjacent to at least one vertex 

𝑥 ∈ 𝐷. The domination numberγ(𝐺) of 𝐺 is the smallest cardinality of a dominating set 𝐷 of 𝐺. There 

are several studies related to the concept of domination in graphs [3-15]. 

One of the parameters of domination in graphs is perfect domination in graphs for which definition was  

given by Cockayne, et. al., in [16] in 1993. For a graph 𝐺, a subset 𝐷 of 𝑉(𝐺) is a perfect dominating set  
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of G if every vertex not in 𝐷 is adjacent to exactly on vertex in 𝐷. Other studies that involve perfect 

domination can be found in [17-23]. Another variant of domination was introduced by Kulli and Sigar-

kanti[24] that is, inverse domination in graphs, that is, for a graph 𝐺 with dominating set 𝐷, if 𝑉 ∖ 𝐷 

contains a dominating set 𝐷′ of 𝐺, then 𝐷′ is an inverse dominating set of 𝐺 with respect to 𝐷. More ar-

ticles that involve the concept of inverse domination can be found in [25-32].Hedetneimi, et. at., in 

[33]has initiated the study of disjoint domination in graphs which they defined as the disjoint union of 

two dominating sets. Some studies on disjoint domination in graphs can be found in [34-37].A combina-

tion of the parameters, perfect and inverse domination in graphs is theinverse perfect domination, stud-

ied by Enriquez and Salve in [38], where for a graph 𝐺 with a perfect dominating set 𝐷, there exists an-

other perfect dominating set 𝑆 ⊆ 𝑉(𝐺) whose vertices are not in 𝐷 then 𝑆 is an inverse dominating set of 

𝐺.For more graph-theoretical concepts, the readers may refer to paper [39]. 

The concepts of disjoint domination, perfect domination, and inverse perfect domination in graphs moti-

vated the researchers to define a new parameter of domination that is, disjoint perfect domination. Let 𝐺 

be a nontrivial connected graph. A dominating set 𝐷 ⊆ 𝑉(𝐺) is called a perfect dominating set of 𝐺 of 

each 𝑢 ∈ 𝑉(𝐺) ∖ 𝐷 is dominated by exactly one element of 𝐷. Let 𝐷 be a minimum perfect dominating 

set of 𝐺. If 𝑆 ⊆ 𝑉(𝐺) ∖ 𝐷 is a perfect dominating set of 𝐺, then 𝑆 is called an inverse perfect dominating 

set of 𝐺 with respect to 𝐷. A disjoint perfect dominating set of 𝐺 is the set 𝐶 = 𝐷 ∪ 𝑆 ⊆ 𝑉(𝐺). Further-

more, the disjoint perfect domination number, denoted by γ𝑝γ𝑝(𝐺), is the minimum cardinality of a dis-

joint perfect dominating set of 𝐺. A disjoint perfect dominating set of cardinality γ𝑝γ𝑝(𝐺) is called 

𝛾𝑝𝛾𝑝 −set. Further, the researchers give some property of the disjoint perfect domination in the Cartesian 

products two graphs. The disjoint prefect domination in graphs is an NP-complete problem. Unless oth-

erwise stated, all subsets of the vertex set in this paper are assumed to be nonempty. 

 

2. Results 

Since the γ𝑝
−1(𝐺)does not always exist in a connected nontrivial graph 𝐺 by Salve et.al., the researchers 

introduce 𝒟𝒫(𝐺) as a family of all graphs with inverse perfect dominating set and disjoint perfect domi-

nating set. Thus, for the purpose of this study, it is assumed that all connected nontrivial graphs consid-

ered belong to the family 𝒟𝒫(𝐺). 

 

Remark 2.1 Let 𝐺 be a connected nontrivial graph. Thenγ(𝐺) = γ𝑝(𝐺) = γ𝑝
−1(𝐺) = 1. 

 

Definition 2.2Let 𝐷 be a minimum perfect dominating set of 𝐺 and 𝑆 ⊆ 𝑉(𝐺) ∖ 𝐷 is an inverse perfect 

dominating set of 𝐺 with respect to 𝐷. A disjoint perfect dominating set of 𝐺 is the set 𝐶 = 𝐷 ∪ 𝑆 ⊆

𝑉(𝐺). 

 

Definition 2.3The cartesian product 𝐺☐𝐻 is the graph with vertex set𝑉(𝐺☐𝐻) = 𝑉(𝐺) × 𝑉(𝐻) and 

edge set 𝐸(𝐺☐𝐻) satisfying the following conditions: (𝑢1, 𝑢2)(𝑣1, 𝑣2) ∈ 𝐸(𝐺 × 𝐻) if and only if either 

𝑣1 = 𝑣2 and 𝑢1𝑢2 ∈ 𝐸(𝐺) or 𝑢1 = 𝑢2 and 𝑣1𝑣2 ∈ 𝐸(𝐻). 

 

The following result shows that if a given property is attained by 𝐶 =  𝐷 ∪ 𝑆, then 𝐶 is a disjoint perfect 

dominating set of the Cartesian products of two given graphs. 

 

https://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR240216576 Volume 6, Issue 2, March-April 2024 3 

 

Theorem 2.4 Let 𝐺 = 𝑃𝑚 where 𝑚 ≡ 0(𝑚𝑜𝑑5), 𝑚 ≠ 0 and 𝐻 = 𝑃4 = [𝑢1, 𝑢2, 𝑢3, 𝑢4]. Then 𝐶 = 𝐷 ∪

𝑆 ⊆ 𝑉(𝐺☐𝐻) is a disjoint perfect dominating set of 𝐺☐𝐻, if  

 

𝐷 = (𝐴 × {𝑢1, 𝑢4}) ∪ (𝐵 × {𝑢2, 𝑢3}) 

 

where 𝐴 = {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} and 𝐵 = {𝑣5𝑖−2: 𝑖 = 1,2, … ,

𝑚

5
} and 

 

𝑆 = (𝐴′ × {𝑢1, 𝑢4}) ∪ (𝐵′ × {𝑢2, 𝑢3}) 

 

where 𝐴′ = {𝑣5𝑖−2: 𝑖 = 1,2, … ,
𝑚

5
} and 𝐵′ = {𝑣5𝑖−4,𝑣5𝑖: 1,2, … ,

𝑚

5
}. 

 

Proof. Suppose that 𝐷 = (𝐴 × {𝑢1, 𝑢4}) ∪ (𝐵 × {𝑢2, 𝑢3}) where 𝐴 = {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} and 𝐵 =

{𝑣5𝑖−1: 𝑖 = 1,2, … ,
𝑚

5
}. Let (𝑣, 𝑢) ∈ 𝑉(𝐺☐𝐻) ∖ 𝐷. Then,(𝑣, 𝑢) ∈ ({𝑣5𝑖−3, 𝑣5𝑖−1: 𝑖 = 1,2, … ,

𝑚

5
} ×

𝑉(𝐻)) ∪ ({𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢2, 𝑢3}) ∪ ({𝑣5𝑖−2: 𝑖 = 1,2, … ,

𝑚

5
} × {𝑢1, 𝑢4}). 

 

 Case 1. If (𝑣, 𝑢) ∈ {𝑣5𝑖−3, 𝑣5𝑖−1: 𝑖 = 1,2, … ,
𝑚

5
× 𝑉(𝐻)}, that is,(𝑣, 𝑢) ∈

{(𝑣5𝑖−3, 𝑢), (𝑣5𝑖−1, 𝑢): 𝑖 = 1,2, … ,
𝑚

5
, and 𝑢 ∈ 𝑉(𝐻)} ⊂ 𝑉(𝐺☐𝐻) ∖ 𝐷, then (𝑣, 𝑢) = (𝑣5𝑖−3, 𝑢𝑗) is 

dominated by exactly one vertex (𝑣5𝑖−4, 𝑢𝑗) ∈ 𝐷 for 𝑖 = 1,2, … ,
𝑚

5
, 𝑗 = 1,4 and (𝑣, 𝑢) = (𝑣5𝑖−1, 𝑢𝑗) is 

dominated by exactly one vertex (𝑣5𝑖, 𝑢𝑗) ∈ 𝐷 for 𝑖 = 1,2, … ,
𝑚

5
, 𝑗 = 1,4. Similarly, (𝑣, 𝑢) = (𝑣5𝑖−3, 𝑢𝑗) 

is dominated by exactly one vertex (𝑣5𝑖−2, 𝑢𝑗) ∈ 𝐷 for 𝑖 = 1,2, … ,
𝑚

5
, 𝑗 = 2,3 and (𝑣, 𝑢) = (𝑣5𝑖−1, 𝑢𝑗) is 

dominated by exactly one vertex (𝑣5𝑖−2, 𝑢𝑗) ∈ 𝐷 for 𝑖 = 1,2, … ,
𝑚

5
, 𝑗 = 2,3. 

 Case 2. If (𝑣, 𝑢) ∈ {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢1, 𝑢4}, that is, (𝑣, 𝑢) ∈ {(𝑣5𝑖−4, 𝑢), (𝑣5𝑖, 𝑢): 𝑖 =

1,2, … ,
𝑚

5
, and 𝑢 ∈ {𝑢1, 𝑢4}} ⊂ 𝑉(𝐺☐𝐻) ∖ 𝑆 then (𝑣, 𝑢) = (𝑣5𝑖−4, 𝑢1) is dominated by exactly one 

vertex (𝑣5𝑖−4, 𝑢2) ∈ 𝑆 for 𝑖 = 1,2, … ,
𝑚

5
, (𝑣, 𝑢) = (𝑣5𝑖−4, 𝑢4) is dominated by exactly one vertex 

(𝑣5𝑖−4, 𝑢3) ∈ 𝑆 for 𝑖 = 1,2, … ,
𝑚

5
, and (𝑣, 𝑢) = (𝑣5𝑖, 𝑢1) is dominated by exactly one vertex (𝑣5𝑖, 𝑢2) ∈

𝑆 for 𝑖 = 1,2, … ,
𝑚

5
, (𝑣, 𝑢) = (𝑣5𝑖, 𝑢4) is dominated by exactly one vertex (𝑣5𝑖 , 𝑢3) ∈ 𝑆 for 𝑖 =

1,2, … ,
𝑚

5
. 

 Case 3. If (𝑣, 𝑢) ∈ {𝑣5𝑖−2: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢2, 𝑢3}, that is, (𝑣, 𝑢) ∈ {(𝑣5𝑖−2, 𝑢): 𝑖 =

1,2, … ,
𝑚

5
, and 𝑢 ∈ {𝑢2, 𝑢3}} ⊂ 𝑉(𝐺☐𝐻) ∖ 𝑆, then (𝑣, 𝑢) = (𝑣5𝑖−2, 𝑢2) is dominated by exactly one 

vertex (𝑣5𝑖−2, 𝑢1) ∈ 𝑆 for 𝑖 = 1,2, … ,
𝑚

5
, (𝑣, 𝑢) = (𝑣5𝑖−2, 𝑢3) is dominated by exactly one vertex 

(𝑣5𝑖−2, 𝑢4) ∈ 𝑆 for 𝑖 = 1,2, … ,
𝑚

5
. 

In any case, 𝑆 is a perfect dominating set of 𝐺☐𝐻. Since, 

𝐷 ∩ 𝑆 =  (𝐴 × {𝑢1, 𝑢4})  ∪ (𝐵 × {𝑢2, 𝑢3)  ∩ (𝐴^′ × {𝑢1, 𝑢4}) ∪ (𝐵′ × {𝑢2, 𝑢3}) 

https://www.ijfmr.com/
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where 𝐴 = {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} and 𝐵 = {𝑣5𝑖−2: 𝑖 = 1,2, … ,

𝑚

5
} and 𝐴′ = {𝑣5𝑖−2: 𝑖 = 1,2, … ,

𝑚

5
} 

and 𝐵′ = {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
}, it follows that 𝐷 ∪ 𝑆 =  ∅. Thus, 𝑆 ⊂ 𝑉(𝐺 × 𝐻) ∖ 𝐷, that is 𝑆 is an 

inverse perfect dominating set of 𝐺☐𝐻 with respect to 𝐷. Hence, 𝐶 =  𝐷 ∪ 𝑆 is a disjoint perfect 

dominating set of 𝐺☐𝐻. 

☐ 

The following result is an immediate consequence of Theorem 2.4. 

 

Corollary 2.5 Let 𝐺 = 𝑃𝑚 where 𝑚 ≡ 0(𝑚𝑜𝑑5), 𝑚 ≠ 0 and 𝐻 = 𝑃4. Then, 𝛾𝑝𝛾𝑝(𝐺☐𝐻) =
12𝑚

5
. 

Proof. Let 𝐺 = 𝑃𝑚 where 𝑚 ≡ 0(𝑚𝑜𝑑5), 𝑚 ≠ 0 and 𝐻 = 𝑃4. Suppose that  

𝐷 = (𝐴 × {𝑢1, 𝑢4}) ∪ (𝐵 × {𝑢2, 𝑢3}) 

where 𝐴 = {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} and 𝐵 = {𝑣5𝑖−2: 𝑖 = 1,2, … ,

𝑚

5
} and 

𝑆 = (𝐴′ × {𝑢1, 𝑢4}) ∪ (𝐵′ × {𝑢2, 𝑢3}) 

where 𝐴′ = {𝑣5𝑖−2: 𝑖 = 1,2, … ,
𝑚

5
} and 𝐵′ = {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,

𝑚

5
}. Then by Theorem 2.4, 𝐶 =  𝐷 ∪

𝑆 is a disjoint perfect dominating set of 𝐺☐𝐻. Thus, 𝛾𝑝𝛾𝑝(𝐺☐𝐻) ≤ |𝐶|. Now, |𝐶| = |𝐷 ∪ 𝑆| = |𝐷| +

|𝑆|. 

Since 𝐷 = (𝐴 × {𝑢1, 𝑢4}) ∪ (𝐵 × {𝑢2, 𝑢3}) where 𝐴 = {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} and 𝐵 = {𝑣5𝑖−2: 𝑖 =

1,2, … ,
𝑚

5
}, it follows that 

|𝐷| = |({𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢1, 𝑢4}) ∪ ({𝑣5𝑖−2: 𝑖 = 1,2, … ,

𝑚

5
} × {𝑢2, 𝑢3})|. 

Thus, 

|𝐷| = |({𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢1, 𝑢4})| 

          + |({𝑣5𝑖−2: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢2, 𝑢3})| 

 

 

 

 

 

Since 𝑆 = (𝐴′ × {𝑢1, 𝑢4}) ∪ (𝐵′ × {𝑢2, 𝑢3}) where 𝐴′ = {𝑣5𝑖−2: 𝑖 = 1,2, … ,
𝑚

5
} and 𝐵′ = {𝑣5𝑖−4, 𝑣5𝑖: 𝑖 =

1,2, … ,
𝑚

5
}, it follows that 

|𝑆| = |({𝑣5𝑖−2: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢1, 𝑢4}) ∪ ({𝑣5𝑖−4, 𝑉5𝑖: 𝑖 = 1,2, … ,

𝑚

5
} × {𝑢2, 𝑢3})|. 

Thus, 

|𝑆| = |({𝑣5𝑖−2: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢1, 𝑢4})| 

                      + |({𝑣5𝑖−4, 𝑣5𝑖: 𝑖 = 1,2, … ,
𝑚

5
} × {𝑢2, 𝑢3})| 

 

 

 

 

= [2 ⋅ (
𝑚

5
) ⋅ 2] + (

𝑚

5
) ⋅ 2 

 
=

6𝑚

5
. 

+ (
𝑚

5
) ⋅ 2 

 

= (
𝑚

5
⋅ 2) + (2 ⋅

𝑚

5
⋅ 2) 

 

 =
6𝑚

5
. 

+ (
𝑚

5
) ⋅ 2 
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 Therefore, |𝐶| = |𝐷 ∪ 𝑆| = |𝐷| + |𝑆| =
6𝑚

5
+

6𝑚

5
=

12𝑚

5
. Since 𝐷 and 𝑆 are minimum perfect 

dominating sets, by Remark 2.1, it follows that 
12𝑚

5
=

6𝑚

5
+

6𝑚

5
= 𝛾𝑝(𝐺☐𝐻) + 𝛾𝑝(𝐺☐𝐻) =

𝛾𝑝𝛾𝑝(𝐺☐𝐻) ≤ |𝐶| =
12𝑚

5
, that is, 𝛾𝑝𝛾𝑝(𝐺☐𝐻) =

12𝑚

5
. 

 

3. Conclusion  

In this paper, we introduced a new parameter of domination of graphs - the disjoint perfect domination 

in graphs. Some property of the disjoint perfect in the Cartesian product of two graphs were proven and 

the exact values of the disjoint perfect domination number resulting from the Cartesian product of two 

graphs were computed. This study will pave a way to new research such bounds and other binary opera-

tions of two connected graphs. Other parameters involving the disjoint perfect domination in graphs may 

also be explored. Finally, the characterization of a disjoint perfect domination in graphs in the lexico-

graphic product, and its bounds are promising extension of this study. 
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