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Abstract: This article aims to obtain the second Hankel determinant inequalities for the inverse of the 

well-known classes of univalent functions, namely, starlike and convex functions. 
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1. Introduction 

Let ∆ denote the class of normalised analytic univalent functions 𝑡(𝜉) in the unit disk 𝑑 =

{𝜉 ∈ 𝐶, |𝜉| < 1},which have the form 

𝑡(𝜉) = 𝜉 +∑𝛼𝑛𝜉
𝑛.

∞

𝑛=2

 

(1) 

Let us recall the following: 

Definition 1. Let 𝑡 be given by (1). We say 𝑡 is starlike 𝑡 ∈ ∆⋆ if and only if 

ℜ{
𝜉𝑡′(𝜉)

𝑡(𝜉)
} > 0,  𝜉 ∈ 𝑑. 

Definition 1.2. Let 𝑡 be given by (1). We say that 𝑡 is convex 𝑡 ∈ 𝐶𝑣 if and only if 

ℜ{
𝜉𝑡′′(𝜉)

𝑡′(𝜉)
+ 1} > 0,  𝜉 ∈ 𝑑. 

The inverse 𝑡−1 of every function 𝑡 ∈ ∆ , defined by 𝑡−1(𝑡(𝜉)) = 𝜉, is analytic in |𝑤| < 𝑟(𝑡), (𝑟(𝑡) ≥
1

4
) and has Maclaurin’s series expansion 

𝑡−1(𝑤) = 𝑤 +∑𝜇𝑛𝑤
𝑛

∞

𝑛=2

,  (|𝑤| < 𝑟(𝑡)) 

(2) 

Early in 1923 Löwner invented the famous parametric method to find sharp bounds on all the coefficients 

for the inverse functions in ∆ (or ∆⋆). Thus if 𝑡 ∈ ∆(𝑜𝑟∆⋆) is given by (2) then 

|𝜇𝑛| ≤
1

𝑛 + 1
(
2𝑛
𝑛
) ;  (𝑛 = 2,3, . . . ) 

with equality for every 𝑛 for the inverse of the Koebe function 

𝑘(𝜉) =
𝜉

(1+𝜉)2
= 𝜉 + ∑ 𝑛𝜉𝑛∞

𝑛=2 . 

Further, if 𝑡 ∈ 𝐶𝑣 then |𝜇𝑛| ≤ 1, (𝑛 = 2,3, . . . ,8) , while |𝜇10| > 1  

definition 3. the 𝑗𝑡ℎ Hankel determinant for 𝑗 ≥ 1 and 𝑛 ≥ 0 is stated by Noonan and Thomas as 
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𝐻𝑗(𝑛) = |

𝛼𝑛 𝛼𝑛+1 𝛼𝑛+𝑗+1
𝛼𝑛+1 . . . .

.
𝛼𝑛+𝑗−1 . . . 𝛼𝑛+2𝑗−2

|. 

 

This determinant has been considered by several authors. For example, the Hankel determinant was 

considered in case 𝑗 = 2 and 𝑛 = 2, 

𝐻2(2) = |
𝛼2 𝛼3
𝛼3 𝛼4

|. 

In addition, the upper bound for the functional |𝛼2𝛼4 − 𝛼3
2| for functions 𝑓 belongs to the class ∆⋆ and 𝐶𝑣. 

The objective of this study is to obtain the upper bounds for the functional |𝜇2𝜇4 − 𝜇3
2| for the inverse 

function 𝑡−1 given by (2) if 𝑡 belonging to ∆⋆ and 𝐶𝑣, respectively. 

 

2. Preliminaries 

Let the function 𝑠 given by the power series 

𝑠(𝑧) = 1 + 𝑑1𝑧 + 𝑑2𝑧
2 +⋅⋅⋅ 

be analytic in a neighborhood of the origin. For a real number 𝑙 define the function ℎ by 

ℎ(𝑧) = (𝑠(𝑧))𝑙 = (1 + 𝑑1𝑧 + 𝑑2𝑧
2 +⋅⋅⋅)𝑙 = 1 +∑𝐶𝑘

(𝑙)
𝑧𝑘

∞

𝑘=1

. 

(3) 

Thus 𝐶𝑘
(𝑙)

 denotes the 𝑘𝑡ℎ coefficient in Maclaurin’s series expansion of the 𝑙𝑡ℎ of the function 𝑠(𝑧). 

Lemma 1. Let the coefficients 𝐶𝑘
(𝑙)

 be defined as in (3), then 

𝐶𝑘+1
(𝑙)

= ∑[𝑙 −
(𝑙 + 1)𝑗

𝑘 + 1
] 𝑑𝑘+1−𝑗𝐶𝑗

𝑙

𝑘

𝑗=0

;  (𝑘 = 0,1, . . . ; 𝐶0
𝑙 = 1). 

Let 𝑃 be the family of all functions 𝑝 analytic in 𝑈 for which ℜ𝑝(𝑧) > 0 and 

𝑝(𝜉) = 1 + 𝑐1𝜉 + 𝑐2𝜉
2 +⋅⋅⋅ 

for 𝜉 ∈ 𝑑. 

Lemma 2. If 𝑝 ∈ 𝑃 then |𝑐𝑘| ≤ 2 for each 𝑘. 

Lemma 3. The power series for 𝑝 given by (3) converges in 𝑑 to a function in 𝑃 if and only if the Toeplitz 

determinants 

𝐷𝑛 =
|

|

2 𝑐1 𝑐2. . . 𝑐𝑛
𝑐−1 2 𝑐1. . . 𝑐𝑛−1
.
.
.

𝑐−𝑛 𝑐−𝑛+1 𝑐−𝑛+2. . . 2

|

|
, 𝑛 = 1,2,3, . . . 

and 𝑐−𝑘 = 𝑐𝑘‾ , are all nonnegative. they are strictly positive except for 𝑝(𝜉) = ∑ 𝜌𝑘𝜌𝑜(𝑒
𝑖𝑡𝑘𝜉)𝑚

𝑘=1 , 𝜌𝑘 > 0 

, 𝑡𝑘 real and 𝑡𝑘 ≠ 𝑡𝑗 for 𝑘 ≠ 𝑗 ; in this case 𝐷𝑛 > 0 for 𝑛 < 𝑚 − 1 and 𝐷𝑛 = 0 for 𝑛 ≥ 𝑚. 

 

3. Main Result 

Theorem 1. Let 𝑡−1 be defined in (2), if 𝑓 ∈ ∆⋆. Then 

|𝜇2𝜇4 − 𝜇3
2| ≤ 3 
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. 

The result is sharp. 

Proof. We use the fact that 

𝜇𝑛 =
1

2𝜋𝑖𝑛
∫

1

(𝑡(𝜉))𝑛
|𝜉|=𝑟

𝑑𝜉. 

Now for fixed 𝑛 we write 

ℎ(𝜉) = [
𝜉

𝑡(𝜉)
]
𝑛

=
1

(1 + ∑ 𝛼𝑘𝜉𝑘−1
∞
𝑘=2 )𝑛

= 1 +∑𝐶𝑘
(−𝑛)

𝜉𝑘
∞

𝑘=1

. 

(4) 

Thus 

Now, by using (Lemma 1) and (4) we can directly calculate the following: 

(
𝜉

𝑡(𝜉)
)
2

= (1 +∑𝛼𝑘𝜉
𝑘−1

∞

𝑘=2

)

−2

= 1 +∑𝐶𝑘
(−2)

𝛼𝑘

∞

𝑘=1

. 

(
𝜉

𝑡(𝜉)
)
3

= (1 +∑𝑎𝑘𝜉
𝑘−1

∞

𝑘=2

)

−3

= 1 +∑𝐶𝑘
(−3)

𝜉𝑘
∞

𝑘=1

. 

(
𝜉

𝑡(𝜉)
)
4

= (1 +∑𝑎𝑘𝜉
𝑘−1

∞

𝑘=2

)

−4

= 1 +∑𝐶𝑘
(−4)

𝜉𝑘
∞

𝑘=1

. 

which yields 
𝜇2 = −𝛼2

𝜇3 = −𝛼3 + 2𝛼2
2

𝜇4 = −𝛼4 + 5𝛼2𝛼3 − 5𝛼2
3
 

because  𝑡 ∈ ∆⋆, there exists 𝑝 ∈ 𝑃 such that 

𝜉𝑡′(𝜉) = 𝑡(𝜉)𝑝(𝜉), 

we equating the coefficients and receive; 
𝛼2 = 𝑐1

𝛼3 =
𝑐2
2
+
𝑐1
2

2

𝛼4 =
𝑐3
3
+
𝑐1𝑐2
2

+
𝑐1
3

6

 

we also have; 
𝜇2 = −𝑐1

𝜇3 = −
𝑐2
2
+
3𝑐1

2

2

𝜇4 = −
𝑐3
3
+ 2𝑐1𝑐2 −

8𝑐1
3

3

 

Thus, we find that 

|𝜇2𝜇4 − 𝜇3
2| = |

1

3
𝑐1𝑐3 −

1

4
𝑐2
2 +

5

12
𝑐1
4 −

1

2
𝑐1
2𝑐2| 

Now, we consider Lemma 2 to obtain the upper bound. First, we assume that 𝑐1 ≥ 0. the cases 𝑛 = 2 and 

𝑛 = 3, results in 

https://www.ijfmr.com/
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𝐷2 = |
2 𝑐1 𝑐2
𝑐1 2 𝑐1
𝑐2‾ 𝑐1 2

| = 8 + 2ℜ{𝑐1
2𝑐2} − 2|𝑐2|

2 − 4𝑐1
2 ≥ 0, 

which is equivalent to 

2𝑐2 = 𝑐1
2 + 𝑥(4 − 𝑐1

2) 

for some 𝑥, |𝑥| ≤ 1. 

Further, 𝐷3 ≥ 0 is equivalent to 

|(4𝑐3 − 4𝑐1𝑐2 + 𝑐1
3)(4 − 𝑐1

2) + 𝑐1(2𝑐2 − 𝑐1
2)2| ≤ 2(4 − 𝑐1

2)2 − 2|2𝑐2 − 𝑐1
2|2; 

and this provides the result; 

4𝑐3 = 𝑐1
3 + 2(4 − 𝑐1

2)𝑐1𝑥 − 𝑐1(4 − 𝑐1
2)𝑥2 + 2(4 − 𝑐1

2)(1 − |𝑥|2)𝜉, 

for some 𝜉, |𝜉| ≤ 1. 

Suppose that 𝑐1 = 𝑐 and 0 ≤ 𝑐 ≤ 2. we conclude the following; 

|
1

3
𝑐1𝑐3 −

1

4
𝑐2
2 +

5

12
𝑐1
4 −

1

2
𝑐1
2𝑐2|

= |
3𝑐4

16
+
(4 − 𝑐2)(1 − |𝑥|2)𝑐𝜉

6
−
(4 − 𝑐2)(𝑐2 + 12)𝑥2)

48
−
5(4 − 𝑐2)𝑐2𝑥

24
| 

 The triangle inequality gives 

|
1

3
𝑐1𝑐3 −

1

4
𝑐2
2 +

5

12
𝑐1
4 −

1

2
𝑐1
2𝑐2| ≤

3𝑐4

16
+
𝑐(4 − 𝑐2)

6
+
(4 − 𝑐2)(𝑐 − 2)(𝑐 − 6)𝑦2

48
+
5(4 − 𝑐2)𝑐2𝑦

24
 

with 𝑦 = |𝑥| ≤ 1. By elementary calculus, we compute the first derivative; 

𝐹′(𝑦) =
5𝑐2(4 − 𝑐2)

24
+
(4 − 𝑐2)(𝑐 − 2)(𝑐 − 6)𝑦

24
 

it can be shown that 𝐹′(𝑦) > 0 and thus 𝐹(𝑦) is increasing function which implies that it attained its 

maximum at 𝑦 = 1 and 𝑐 = 2 ,in which case 

|
1

3
𝑐1𝑐3 −

1

4
𝑐2
2 +

5

12
𝑐1
4 −

1

2
𝑐1
2𝑐2| ≤ 3 

Equality is attained for 𝑘−1(𝜉),  the inverse of the Koebe function.                                                                 □ 

Theorem 2. Let 𝑡−1 be defined in (2) if 𝑡 ∈ 𝐶𝑣. Then 

|𝜇2𝜇4 − 𝜇3
2| ≤

1

8
 

. 

The result is sharp. 

Proof. Since 𝑡 ∈ 𝐶𝑣 ,it follows from (3) that there exists 𝑝 ∈ 𝑃 such that 

(𝜉𝑡′(𝜉))′ = 𝑡′(𝜉)𝑝(𝜉) 

Equating coefficients, we get 

𝛼2 =
𝑐1
2

𝛼3 =
𝑐2
6
+
𝑐1
2

6

𝛼4 =
𝑐3
12

+
𝑐1𝑐2
8

+
𝑐1
3

24

 

these yields 
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𝜇2 =
−𝑐1
2

𝜇3 =
−𝑐2
6

+
𝑐1
2

3

𝜇4 =
−𝑐3
12

+
7𝑐1𝑐2
24

−
𝑐1
3

4

 

So, we have 

|𝜇2𝜇4 − 𝜇3
2| =

1

432
|18𝑐1𝑐3 − 15𝑐1

2𝑐2 − 12𝑐2
2 + 6𝑐1

4| 

Now, assume that 𝑐1 = 𝑐, (0 ≤ 𝑐 ≤ 2) , we have: 

|18𝑐1𝑐3 − 15𝑐1
2𝑐2 − 12𝑐2

2 + 6𝑐1
4|

= |−
9𝑐2(4 − 𝑐2)𝑥

2
−
3(4 − 𝑐2)(𝑐2 + 8)𝑥2

2
+ 9𝑐(4 − 𝑐2)(1 − |𝑥|2)𝜉| 

and application of triangle inequality shows that 

|18𝑐1𝑐3 − 15𝑐1
2𝑐2 − 12𝑐2

2 + 6𝑐1
4| ≤ 9𝑐(4 − 𝑐2) +

9𝑐2(4 − 𝑐2)𝑦

2
+
3(4 − 𝑐2)(𝑐 − 2)(𝑐 − 4)𝑦2

2
 

with 𝑦 = |𝑥| ≤ 1. And 

𝐹′(𝑦) =
9𝑐2(4 − 𝑐2)

2
+ 3(4 − 𝑐2)(𝑐 − 2)(𝑐 − 4)𝑦 > 0 

Thus 𝐹(y) is an increasing function that attained its maximum at y = 1. The upper bound for the above 

corresponds to y = 1 and 𝑐 = 1,in which case 

|18𝑐1𝑐3 − 15𝑐1
2𝑐2 − 12𝑐2

2 + 6𝑐1
4| ≤ 54. 

Letting 𝑐1 = 1, 𝑐2 = 2 and 𝑐3 = 1 shows that the result is sharp.                                                  □                                                      
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