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On Hankel Determinant Inequalities
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Abstract: This article aims to obtain the second Hankel determinant inequalities for the inverse of the
well-known classes of univalent functions, namely, starlike and convex functions.

Keywords: The Hankel determinant; starlike functions; convex functions; the inverse function.

1. Introduction
Let A denote the class of normalised analytic univalent functions t(¢) in the unit disk d =
{& € C,|&| < 1},which have the form

() = §+ ) g™
_ ®

Let us recall the following:
Definition 1. Let t be given by (1). We say t is starlike t € A* if and only if
t,
R {f )
t($)
Definition 1.2. Let t be given by (1). We say that t is convex t € C,, if and only if

SR{%+1}>O,{ECL

The inverse t~1 of every function t € A, defined by t~1(£(&)) = &, is analytic in |w| < r(t), (r(t) =

}>O,fed.

1 . . .
Z) and has Maclaurin’s series expansion

W) = wt ), (Wl <)
n=2
@

Early in 1923 Lowner invented the famous parametric method to find sharp bounds on all the coefficients
for the inverse functions in A (or A*). Thus if t € A(orA*) is given by (2) then

2n
< ; (n=
il < —= () (n=23,..)
with equality for every n for the inverse of the Koebe function

¢ )
k() = imz = £+ Bamg™
Further, if t € C, then |u,| < 1,(n = 2,3,...,8) , while || > 1

definition 3. the jth Hankel determinant for j > 1 and n > 0 is stated by Noonan and Thomas as
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an An+1 An+j+1
On+1
Hj(n) =
Antj-1 -+ Oni2j-2

This determinant has been considered by several authors. For example, the Hankel determinant was
considered incase j = 2and n = 2,

H@) =gt o)
In addition, the upper bound for the functional |a,a, — a?| for functions f belongs to the class A* and C,,.
The objective of this study is to obtain the upper bounds for the functional |u,u, — uZ| for the inverse
function t~1 given by (2) if t belonging to A* and C,,, respectively.

2. Preliminaries
Let the function s given by the power series
s(z) =14+ dqyz + d,z? +--
be analytic in a neighborhood of the origin. For a real number [ define the function h by

hz) = (@) = (1 +dyz+dyz2 +-) =1+ Z ez
k=1
3)

Thus C ,El) denotes the k" coefficient in Maclaurin’s series expansion of the [ of the function s(z).
Lemma 1. Let the coefficients C,gl) be defined as in (3), then

k

0 +1j B

c® = Z[l S| G = 0,1,..5C8 = D).
=

Let P be the family of all functions p analytic in U for which Rp(z) > 0 and
P(§) =1+ i€ + 8%+
for & e d.
Lemma 2. If p € P then |c;| < 2 for each k.
Lemma 3. The power series for p given by (3) converges in d to a function in P if and only if the Toeplitz
determinants

2 C1 Ccy. Cn
Cc_1 2 cy. Cn-1

D,=|" ,n=1273,...
C-n C-n+1 Cons2--- 2

and c_, = ¢, are all nonnegative. they are strictly positive except for p(&) = Y7 prpo (€'k&), py > 0
, t real and t, # t; for k # j ;inthiscase D, > 0 forn <m —1and D, = 0f0rn>m

3. Main Result
Theorem 1. Let t =1 be defined in (2), if f € A*. Then

lupps —u3l <3
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The result is sharp.
Proof. We use the fact that

Now for fixed n we write

he) = |

Thus

1 iy
“"‘zmnli o

1

¢ n_ _
ol "G eyt

>k,
k=1

Now, by using (Lemma 1) and (4) we can directly calculate the following:

(@
(@

(@

which yields

(1 + i a, £t
(1 + i a1

)4 = (1 + S a1

-2

k=2

k=2

k=2
Hz = —Q
ps = —az + 2a3
Uy = —a4 + Sa,a3 — S5a3

because t € A*, there exists p € P such that

§t'(§) = t(©Hp (),

we equating the coefficients and receive;

we also have;

Thus, we find that

|papty — H§| = |5C1C3

8¢}
3 1

1 1 5
——cZ+—=cf{-

3 4 12

=1+ Z cPak
k=1
3 00
=1+ Z cVek,
k=1

4 o0
=1+ Z cYek,
k=1

—cic,

2

(4)

Now, we consider Lemma 2 to obtain the upper bound. First, we assume that ¢; > 0. the casesn = 2 and

n = 3, results in
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2 ¢ C
Dy=|c; 2 c¢1| =8+ 2R{c?c,}—2|c,|? —4c? >0,
c; ¢ 2

which is equivalent to
2c, = ¢ +x(4—cP)
for some x, |x| < 1.
Further, D; > 0 is equivalent to
|(4c3 — 4cicp +¢3)(4 = ¢2) + ¢ (2c; — ¢2)?| < 2(4 — ¢?)? — 2|2¢, — c2|?;
and this provides the result;
des=c3+ 24— cAex — (4 — cA)x? +2(4 — A1 — |x[?)é,
forsome ¢, |&] < 1.
Suppose that c; = c and 0 < ¢ < 2. we conclude the following;

1 1 5 1

|§clc3 — ZCZZ + ch - Eclzcz

3¢ N (4—c®»)(1—|x|>)cE (4—c®)(c?*+12)x*) 504 —c?)c*x

|16 6 48 24

The triangle inequality gives

1 1 5 3¢t c(4—c?)) (G -cH(c—-2)(c—6)y* 504 —c*c?y
- 2242 a2 | <

3G T TR A% St T 48 T

with y = |x| < 1. By elementary calculus, we compute the first derivative;
) 5¢2(4—c¢%) (4 —-cH)(c-2)(c—6)y
FOY=—%%—* 24
it can be shown that F'(y) > 0 and thus F(y) is increasing function which implies that it attained its
maximum at y = 1 and ¢ = 2 ,in which case
1 1, 5, 1,
§C1C3 —Zcz +§c1 —Eclcz <3
Equality is attained for k=1(¢), the inverse of the Koebe function. m

Theorem 2. Let t~ be defined in (2) if ¢ € C,. Then

5 1
lpatty — puzl < g

The result is sharp.
Proof. Since t € C,, ,it follows from (3) that there exists p € P such that

N =t'r©)

Equating coefficients, we get

these yields
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k=g
2
_Cz C1
= — 4+ —
U3 6 3
—c3 7cic, 3

M=t 0 73

So, we have

2 1 2 2 4
|tatta — p3l = 432 |18¢1c3 — 15¢i ¢, — 12¢5 + 6¢1]

Now, assume that ¢; = ¢, (0 < ¢ < 2), we have:
|18¢,c5 — 15¢ic, — 12¢% + 6¢f]
9¢%2(4—c»)x  3(4—c?)(c? +8)x?
= |2 . L >§ 29— )1 — [l

and application of triangle inequality shows that

9¢?(4 — c? 3(4 —c?)(c—2)(c — 4)y?
|18c,c5 — 15¢#c, — 12¢2 + 6¢f| < 9c(4 — ¢?) + ( 5 )y + ( ) 5 ) )y
with y = |x| < 1. And

) 9c?(4 — c?) 5
F'(y) =T+3(4—c Yc—=2)(c—4)y>0

Thus F(y) is an increasing function that attained its maximum at y = 1. The upper bound for the above
corresponds to y = 1 and ¢ = 1,in which case

|18c,c3 — 15¢2c, — 12¢2 + 6¢f| < 54.

Letting c; = 1, ¢, = 2 and ¢3 = 1 shows that the result is sharp. i
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