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Abstract 

In this paper we will present the method of asymptotic expansion of Laplace-Stieltjes transform defined 

as [𝑓(𝑥)] = 𝑚(𝑡, 𝑧) = ∫
𝑒−𝑧𝑥

1+𝑡𝑥

∞

0
𝑓(𝑥)𝑑𝑥 . Asymptotic Transforms which comes to further improvement  

the extension of the Laplace-Stieltjes Transforms to all locally integrable function as proposed by 

Watson's Lemma. It gives us a way to obtain the complete asymptotic expansion of integrals on the real 

axis that have an exponential type of kernel.. To obtain the asymptotic expansion of the transform, we 

follow the technique of Handelsman and Blestein. 
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1. Introduction 

One of the generalization of Laplace-Stieltjes transform given by Giona and Paterno [1] is  defined by 

the equation     𝑀[𝑓(𝑥)] = ∫
𝑒−𝑧𝑥

1+𝑡𝑥

∞

0
𝑓(𝑥)𝑑𝑥     …(1) 

where   0 < 𝑧 < ∞  and  | arg 𝑡| < 𝜋 . It is also denoted as [ ( )] ( , )M f x m t z= and known as Laplace- 

Stieltjes transform.  

 

2. Existence of Laplace-Stieltjes Transform  

Theorem:  If the function f (x) is piecewise continuous on every finite interval in the range  0 < 𝑥 < ∞, 

then a Laplace-Stieltjes transform of  f(x) exists for all  

𝑅𝑒(𝑧) > 𝑀, | arg 𝑡| < 𝜋 . 

 

3. Classical Properties of the Laplace-Stieltjes transform 

3.1  Linear Property 

The Laplace-Stieltjes transform is linear for every pair of function f1(x) and f2(x)  and every pair of 

constant a1 and a2 ,  

 M [a1 f1(x) + a2 f2(x) ] =   a1 M [f1(x)] + a2 M[f2(x) ]       …( 2) 

3.2  Translation Property or Shifting Theorem 

If M[ f(x)] = m(t, z) , when Re(z) >   ,   is positive number then 

),()]([ aztmxfeM ax +=−
 ,                 ...(3) 

Re(z) >  + a, a is positive number. 
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3.3  Change of Scale Property 

If  M[ f(x)] = m(t, z) , then ),(
1

)]([
a

z

a

t
m

a
axfM = ,           …( 4 ) 

where ‘a’ is non- zero constant. 

 

3.4  Multiplication by xn  

If f(x) is piecewise continuous and locally integrable in the interval   0 < 𝑥 < ∞ 

and if   M[ f(x)] = m(t, z), then  

        ),()1()]([ ztm
dz

d
xfxM

n

nn −= ,   n = 1, 2, 3, …           ...(5)   

 

3.4  Division by xn  

If f(x) is piecewise continuous and locally integrable in the interval  0 < 𝑥 < ∞ and if M[ f(x)] = m(t, z), 

then  

 
 

=








z

n

z z

n
duutm

x

xf
M ))(,(.........

)(
  , n = 1, 2, 3,…         …(6)  

proved that dx
x

xfit
x →

)(lim
0 , exists.  

 

3.5  Laplace-Stieltjes Transform of the derivative of f (x) 

If f(x) is piecewise continuous and locally integrable in the interval   0 < x <   and if M[ f(x)] = m(t, z), 

then 

),(),().()0()]([ 2 ztm
dt

d
tztmtzfxfM +++−= ,       ...(7) 

where 𝑓′(𝑥) denotes derivative of f(x). 

 

3.6  Inversion Theorem 

Let f(x) be continuous and x -1f(x) be locally integrable function in the interval  

0 < 𝑥 < ∞,  and if M[f(x)] = m(t, z) , then  

       
+

−

+=

ic

ic

zx dztxeztm
i

xf )1(),(
2

1
)(


,         …(8) 

where ‘c’ is constant and  Re(z) > 0 , targ . 

 

4. Asymptotic Expansion  

Asymptotic analysis gives the behavior of function at and near given points in their domains of 

definition. To describe the behavior of the function F(z) as z →  within a sector Rea z b   , it is in 

many cases sufficient to derive an expression of the form  ( ) ( ) 1 ( )F z z r z= +        … (9) 

where ( )z is a function of similar structure of F(z) and r(z) converges to zero as z →  within the 

given sector . Equation (9) is called the asymptotic representation of F (z) for large |z|.  
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4.1. Introduction and Preliminary Results 

4.1.1 Asymptotic sequence 

  A sequence of   functions 𝜑𝑛     as n→ 0 𝑡𝑜 ∞ 
is called an asymptotic sequence at z 

→ z0 from S if whenever n > m, we have φn(z) = o(φm(z)) as z → z0 from S. 

4.1.2 Watson’s Lemma 

 Supposethat  f∈𝑓 ∈ 𝐿𝑙𝑜𝑐
1 ([0, ∞), 𝑋)  has anasymptotic expansion in terms of  {𝑡𝑛}𝑛∈𝑁  as 

t→0+; i.e., suppose that 𝑓(𝑡)~ ∑ 𝑐𝑛𝑡𝑛∞
𝑛=0  , Then, for any u∈{f}  we have that  

𝑢(𝑧)~ ∑ 𝑐𝑛
𝑛!

𝑧𝑛+1
∞
𝑛=0    as z→∞ 

Wong [6] and Saxena [5] have obtained the asymptotic expansion of Stieltjes transform and generalized 

Stieltjes transform. Also the asymptotic expansions of Stieltjes transform and Laplace transform are 

obtained by Widder [7].Also some authors are given the asymptotic expansion of some integral 

transformations by using the different methods. In this article we obtain the asymptotic expansion of 

Laplace –Stieltjes transform defined by Giona and Paterno [2], 

    𝑚(𝑡, 𝑧) = 𝑀[𝑓(𝑥)] = ∫
𝑒−𝑧𝑥

1+𝑡𝑥

∞

0
𝑓(𝑥)𝑑𝑥            

where z is complex variable and ( )\ ( ,0]t C − , and studied by Chaudhary and Nikam [3]. To obtain 

the asymptotic expansion of the transform(1), we follow the technique of Handelsman and Blestein [4].  

The basic idea to get the asymptotic expansion of the integral transform  


=
0

)()()( dxxfxhI     given 

by Handelsman and Blestein  is as follows:  

If      ra

r

r xcxf 


=


0

 )(   0x→   

and rb

r

r xdxh
−



=


0

 )( as x →  for 1r rb a +  for any r , then as →
 

]1;[]1;[)(
0

1

0

rr

r

a

rr

r

b
ahMcbfMdI rr ++−= 



=

−−


=

−         … (10) 

 Where [ ;1 ]rM f b− denotes the Mellin transform at function ( )f x  with parameter   , the Mellin 

transform of kernel h(x) evaluated at  . 

 

5. Asymptotic expansion of Laplace –Stieltjes transform 

Let   ra

r

r xcxf 


=


0

 )(  as x →   

For   
1

x
y

=  in (1.2), it becomes  

 

 
0

1 1
( , )

z
ye

m t z f dy
y t y y

−
 

=  
+  
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0

( )

z
ye

y dy
y t



−

=
+       …. (11) 

Where  

  1

0

1 1
( ) ra

r

r

y f c y
y y




−

=

 
= = 

 
           as  0y →     …. (12) 

From the equation (1), kernel is  

( , ; )
1

zye
k t z y

ty

−

=
+

 

Considering expansion of Laplace –Stieltjes transform w.r.t. t, for t = 1,  

(1, ; )
1

zye
k z y

y

−

=
+

 

 );,1( yzk   
0

1 ( 1)

1 !

r r

r

r
z y

y r



=

−

+
  

);,1( yzk   
0

1 ( 1)

!

r r

r

r
z y

y r



=

−
   , as →y  

                (1 )

0

( 1)

!

r r

r

r
z y

r


− −

=

−
  , as →y    

               
0

rb

r

r

d y


−

=

  …. (13) 

where 
!

)1(

r

z
d

rr

r

−
=  and  rbr −=1  

Using result [1, 312(4)],  Mellin transform of kernel (1, ; )
1

zye
k z y

y

−

=
+

 is given by  

 (1, ; )
1

zye
M k z y M

y

− 
 =  

+ 
  

(1 , )zp e p z =    −          …. (14) 

where  Re z > 0 , Re p  > 0 and ),( za is an incomplete gamma function. 

From the above discussion and by using Handelsman and Blestein technique, we arrive at following 

theorem; 

Theorem:  If  

1

0

( ) ra

r

r

y c y


−

=

=           as  0y →    , 

            );,1( yzk  
0

rb

r

r

d y


−

=

   and rar −1   

then as →t  
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 (1 )

0 0

( 1)
( , ) , (1 , )

!
r

r
ar z

r r r

r r

r z
m t z t M r c t e a a z

r


 
−− −

= =

−
=  +    −     

which gives asymptotic expansion of Laplace –Stieltjes transform.  
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