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Abstract
In a recent extension of the work by Halperin et al., Grivaux demonstrated that any linearly independent

sequence {f}r=, In a separable Banach space X can be expressed as a suborbit {T"‘(")cp}Z:1 of some
bounded operator T: X — X. Typically, neither the operator T nor the powers a (k) are known explicitly.
In this paper, we explore approximate representations {f,}i=; = {T"‘("%p}:):1 for certain types of

sequences {fi}r=1- Unlike previous results, we explicitly describe the operator T and the powers a(k),
without requiring the sequences to be linearly independent. The notion of approximation is defined so that

{T“(")go}::l retains essential characteristics of {f; };-,, such as in atomic decompositions and Banach

frames.
We introduce two different approaches. The first is universal, applying to general Banach spaces. While
the technical conditions are straightforward to verify in sequence spaces, they become more complex in
function spaces. Therefore, we present a second approach, specifically designed for Banach function
spaces. Several examples demonstrate that these results hold in arbitrary weighted #P-spaces and L?P-
spaces.

Keywords: Approximate operator representations, Banach spaces, iterated systems, suborbits.

1 Introduction

A classical result by Halperin, Kitai, and Rosenthal [26] states that if {f; } =, is any linearly independent sequence
in a separable Hilbert space A, then there exists a bounded linear operator T: H — # and appropriate choices of
powers a(k) € N such that f,, = T*¥f,, forall k € N.

This fundamental observation was later generalized to Banach spaces by Grivaux[23],using a
different technique. Neither the operator T nor the appropriate powers a(k) are given in an easily accessible form
in [23, 26]. Generalizing ideas presented in [12] in the setting of frames in Hilbert spaces, we will provide an
alternative approach to the questions by Halpering et al. by considering approximate operator representations in a
given Banach space X. In other words, we will give up the requirement that the operator T leads to an exact
representation of the given sequence {fy}r=;. Instead, we will aim at a construction of a bounded operator T, a

vector ¢ € X, and appropriate powers a (k) such that the sequence {T“(k)(p};:l approximates the given sequence

{fi}i=1 In various senses to be specified below. We will show that in several cases we can specify as well the
operator T, the vector ¢, as the powers a (k).
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The paper is organized as follows. In the rest of the introduction we set the stage by providing basic
definitions and results concerning Banach sequence spaces and shift-operators on Banach spaces. In
Sections 2.1-2.2 we provide general results for obtaining approximate representations of certain
sequences, in the setting of general Banach spaces having a basis. The results are based on the assumption
that the left/right-shift operators with respect to a certain basis - see (1.1) and (1.2) below - are bounded.
This condition can easily be checked in several types of sequence spaces; in particular, given any weighted
£P-space, we can specify a scaling of the canonical unit vectors that satisfy the condition. We can also
verify the condition in certali Banaju spaces of functions; however, the condijtion is difficult to handle in
general function spaces. For this reason we provide an alternative approach, taifored to Banach function
spaces, in Section 2.3. Here, the assumption of the left/right-shift operators being bounded is replaced by
the condition that the translation operators act boundedly on the given function space, a condition that is
trivially satisfied in, e.g., all weighted LP-spaces with an m-moderate weight function. In Section 2.4 we

show how to construct so-called e-close approximations {T“(")go}:zl of the sequences {f} } -, discussed
in Sections 2.1-2.3; this paves the way for the results in Section 2.5, where it is shown how to construct
the sequence {T“("%p}:;l such that it keeps key features of the sequence {f; }r; in the setting of atomic

decompositions.

In the entire paper X will denote a separable Banach space, and X; will be a Banach space consisting of scalar-
valued sequences indexed by N. We will refer to such a space X, as a Banach sequence space. We will need the
following standard concept related to Banach sequence spaces.

Definition 1.1 Let X4 denote a Banach sequence space.
() X4 is said to be solid if whenever {c; }y—, € X4 and {b; };— is any scalar-valued sequence such that |b, | < |c|
for all k € N, it follows that {be}r, € X, and 1{br}e=1ll < I{cxdr=1ll-

(i) X, is said to have an absolutely continuous norm if ||{ck — C1, (k)}:)=1 ” -

0 as n — oo for any sequence {cy }r=; € X4 and any family of subsets I,, € N suchthatl; c I, ... T N.

The above concepts have parallel versions in Banach function space, defined by obvious modifications; we will
apply these without further comments in the sequel.

1.1 Shift operators on Banach spaces

Recall that a sequence {e; };—, in X is a (Schauder) basis if every element x € X has a unique representation x =
Y= crex for some ¢, € C. It was proved by Enflo [19] that not all the separable Banach spaces have a basis. Let
X denote a Banach space having a basis {erx}r=, and consider the left-shift and right-shift operators
L,R:span{ey }r—, — X given by

L61 = O, Lek = €kx_1, k=2 (11)
respectively,

Rek = €k+1, k eN (12)
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Throughout the paper we will need that the operators L, R extend to bounded linear operators on X. This condition
in general depends not only on the space X but also on the choice of the basis {e,}r—;. We will show that the
condition is satisfied if {e; };- is a p-Riesz basis, a concept to be defined next.

Definition 1.2 Fix some p € [1, ). A sequence {ey};-, € X is called a pRiesz basis for X if span{e,}y=; = X
and there exist constants 4, B > 0 such that

1/p

A (i |ck|r’> <

k=1

1/p

N
<B (Z |cklp> (13)

k=1

N

k=1

for all finite scalar sequences {c,}~_,, N € N. The numbers 4, B are called lower, resp. upper bounds.

Typically the lower condition in (1.3) is more involved to verify than the upper condition. A convenient criteria for
the p-Riesz basis property, which avoids worrying about the lower bound, is stated next.

Lemma 1.3 Assume that {e, }z=; is a basis for a reflexive Banach space X, with dual basis {ey};=,. Assume that
for some p, g > 1 withp~! + g~1 = 1 there exists a constant B > 0 such that

© 1/p
(Z I, e;::,>|p> <BIIfll vf € X
k=1

and

00 1/q
(Z [ ek>|q> < Bligll, ¥g € X*
k=1

Then {ex}r=y is a p-Riesz basis for X and {e;}y=; is a q-Riesz basis for X"
Proof. Let N € N and {c, }¥~, be a finite scalar sequence. It follows by Hélder's inequality that

N

k=1

sup Z el e 9)

gex~ llgll=1

5o

k=1
1/p

N
sgexgmg”ﬂ@ |ck|v) (Z |<g,ek>|Q>

k=
1/p

o5 o)

k=1

gEX* ||g|| 1

Also letting f: = YN_, ciex, We have that ¢, = (f, e;) for k = 1,...,n. Therefore

N 1/p N 1/p
(Z |ck|p) = (Z I, e;;>|P) <BIIfll =5
k=1

k=1

N

z Crerll-

k=1

This proves that {e, }7-, is a p-Riesz basis for X with bounds B~* and B. The proof that {e};}7~, is a g-Riesz basis
for X™ is similar.

We now prove that if {e, }r= is a p-Riesz basis for some p € [1, o), then indeed the left/right-shift operators with
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respect to {ey } = are bounded:

Proposition 1.4 If {e; };=, is a p-Riesz basis for X with bounds A, B for some p € [1, o), then the operators L, R in
(1.1) and (1.2) extend to bounded linear operators on X, and

L<B dA<R<B
Il < and Z<IIRIl <~

Proof. Given any finite sequence {c;}}_,,

Thus L extends to a bounded operator on X, with the claimed estimate of the norm. The proof for the boundedness
of the right-shift operator and the upper estimate on its norm is similar. The lower bound on the norm of the operator
R follows from L being a left-inverse of R, i.e., ||f|l = ILRf]| < |ILIIIRfI| < BA™Y||Rf|| forall f € X.

As an application of Proposition 1.4 we will now consider weighted ¢P spaces. Fixing any p € [1, ) and
considering a sequence of positive scalars {w; }5-,, define the space £%, by

'g‘zj]: = {{Ck}’o(ozl | Ck € Cand Z |Ck|ka < 00}
k=1

Obviously, 1, is a Banach space with respect to the norm

0 1/p
”{Ck}l?zlllp,w: = (Z |Ck|ka)

k=1

It is also clear that the canonical unit vectors {8, }5=, form a basis for £, The following result shows that in any
weighted £P-space, we can specify a certain scaling of the canonical unit vectors that makes the left/right-shift
operators bounded.

Corollary 1.5 Fix any p € [1, ), consider a sequence of positive scalars {wy}y=,, and let {5, } =, denote the
canonical unit basis for £7,. Let e;: = w;, /7 8. Then {e,}&_, is a p-Riesz basis for £%, with bounds A = B = 1.
In particular, the left/right-shift operators L, R with respect to the basis {e; };-, are bounded, and ||L|| = ||R]| = 1.

Proof. A simple calculation shows that for any N € N and any finite scalar sequence {c; }1,

N N
Z Ck€k = Z lcx [P
k=1 k=1

Now by Proposition 1.4 the stated results for the right-shift operator R follows immediately. It also follows that
the left-shift operator L is bounded and that ||L|| < 1. Since ||Le; [, = lleqllpw = llezllp,w, We finally conclude

p
p

)
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that ||L]| = 1, as claimed.

While the scaling of the basis in {8, };= in Corollary 1.5 indeed makes the operators L and R bounded, the
scaling might affect other conditions that are put on the basis, see., e.g., the condition (ii) in the forthcoming
Theorem 2.2. For the case that it is most convenient to work with the canonical unit vector

basis, we now characterize the weighted £”-spaces for which the left/right-shift operators are bounded with
respect to {8, } =, We leave the proof to the reader.

Lemma 1.6 Fix any p € [1, »), consider a sequence of positive scalars {w; }y—-;, and let {6 } =, denote the
standard basis for £%,. Then the following holds true:
(i) The left-shift operator L8; = 0,L5), = &,_ - k = 2, extends to a bounded operator on £%, if and only if

SUPg>2 Yh-1 < o0: in the affirmative case,
22 7,

Wi_1\1/P
Il = sup (2=2)
k=2 \ Wi

(i) The right-shift operator RS, = 8., extends to a bounded operator on £%, if and only if supys;, M:”—" < o0;in
k-1
the affirmative case,

w;, \1/p
IR = sup (=)
k=2 \Wg_1

Several constructions of p-Riesz bases are available in the literature. Let us mention an example in the setting of
shift-invariant subspaces of LP(R) :

Example 1.7 It is well-known [6] how to construct a function ¢ € L?(R) such that the set of integer-translates {¢(-
—k)}rez form a Riesz basis for the Hilbert space S,: = span{@(- —k)}rez. Requiring furthermore that ¢ belongs
to the Wiener space, i.e., that ¥z || @xi e+ < oo, it is proved in [4] that for any p € [1, %) the family {¢(-

—k)}kez 1s a p-Riesz basis for the subspace S, of LP (R) given by

Spi= {Z ek (- —k) | {ck}rez € £P(Z)

k€EZ

Similar results are known in the setting of modulation spaces, introduced by Feichtinger in [20].

Let us finally mention that the definition of p-Riesz bases can be generalized in an obvious way to the so-called X;-
Riesz bases [17]; here, the sequence space £ is simply replaced by a general Banach sequence space X,. Rather
than going for the highest level of abstraction we have decided to state the results in the setting of p-Riesz bases,
because this setting allows us to be very explicit and hereby facilitates concrete applications.

2 Approximate operator representations

The goal of this section is to derive approximate representations of sequences {f }r—, in a separable Banach space
X of the form {T“(")<p}:=l for suitable choices of a vector ¢ € X, a bounded operator T: X — X, and the powers

a(k), k € N. We begin with the case where {f;}x=, consists of "finite sequences" in Section 2.1. The results are
generalized to "sufficiently fast decaying sequences"” in Section 2.2. An alternative approach, tailored to the setting
of Banach function spaces, is presented in Section 2.3. The purpose of Sections 2.4 — 2.5 is to apply the results in
Sections 2.1-2.3 to the setting of atomic decompositions and Banach frames: we show how to design the

approximations such that the sequence {T“(")go}zozl keeps essential features of the given sequence {f; }r=1-

IJFMR240631930 Volume 6, Issue 6, November-December 2024 5



https://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

In order to facilitate reading of the next sections, we mention that the theoretical results in Sections 2.1-2.3 have a
common structure: fixing arbitrary positive scalars {€; }y=; € £* that are chosen according to the desired level of
approximation, they show how we for a given sequence {f; }=; € X can choose a vector ¢ € X, a bounded operator
T:X — X, and corresponding powers a(k), k € N, such that

[oe]

Ife-1e®0 < > g @1

j=k+1

Since the positive scalars {e, }5—, € ¢! are arbitrary, this implies that we for any given sequence {& }r=, of positive
scalars can obtain that || f, — T*® || < &. Indeed, assuming without loss of generality that the sequence {€; 371
is decreasing and that £, — 0 as k — oo, we obtain this inequality by applying (2.1) to any sequence {e,}5-; € #*
suchthate, < &, — &1 forall k € N. The consequences of an equality of the form (2.1) are considered in Sections
2.4-2.5.

2.1 Finite sequences in Banach spaces

Let X denote a separable Banach space having a basis {e; }—. As standing assumption we need that the operators
L, R defined in (1.1) extend to bounded linear operators on X. Choose A > ||R|| and consider the bounded
operators T, S: X — X given by

T =L S=1"'R (2.2)

Note that by the choice of 1 we have ||S|| < 1, a condition that will be crucial in Theorem 2.1. We will first
consider natural generalizations of finite sequences to the general Banach space X. Indeed, we will assume that
each vector f; is a finite linear combination of vectors from the basis {e;} ;. Our approach

and proof are inspired by a classical result by Rolewicz [28] in the setting of hypercyclic operators.

Theorem 2.1 In the above setup, consider a sequence {f; }x=; < X and assume that for every k € N, there exists
an integer N (k) such that f;, € Span{ej}?':(’?. Fixing any sequence {€,}s>, € 1 consisting of positive numbers,
choose a sequence {a(k)},en Of Nnonnegative integers such that

In €, —In | fi|l

ak)—a(k—1) = max{ ,N(k — 1),N(k)}, k>2(2.3)

In [|S]|
and let
@i= Z seO)f, (2.4)
j=1
Then
|fi — T¥®e|| < z € (2.5)
j=k+1
Proof. For convenience of the proof, let
In € —In || fil
= ——F N(k k €N. 2.6
Tk max{ In S]] SNk ¢, (2.6)

We first show that the vector ¢ in (2.4) is well-defined. To that end, let ¢,,: = 37, S*0)f;, n € N. Then, for any

IJFMR240631930 Volume 6, Issue 6, November-December 2024 6



https://www.ijfmr.com/

~ Y International Journal for Multidisciplinary Research (IJFMR)

i

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

m,n € N with m < n, we have

n n
low = omll = || D" sOp|[ < > IS5
j=m Jj=m

It follows from (2.6) that ||S||"/|| f;|| < €; for all j € N. Since ||S|| < 1 and a(k) > 7, by (2.3) and the definition
of ry, it follows that

n

n
lon = omll < Y ISITIf] < Y =0 asmn oo
j=m

j=m

Thus {¢, }n=1 is a Cauchy sequence and hence ¢ is well-defined. We now prove that (2.5) holds. Fix k € N and
consider j € {1, ...,k — 1}. The inequality (2.3) implies that

ak)—a() >a(+1)—a(j) = N()

Therefore for any j < k, we have T*®)=%U) £, = 0. Thus we can write

fic = T*®g| = || — T® Z seU)f,
=1

b

-1 [e9)
Tet-al)f, 4 Z set)-atoy,
j=k+1

]

—.

s I

sat)-atoy,

=

+1

< ) lIsie-e® |5
j=k+1

[

K
Now for j > k, (2.3) implies

a(j) —a(k) =z a(j) —a(—1) 2.

Therefore
Ife—Te®0l < > usITlsl< D g
j=k+1 j=k+1
as claimed.

The key condition in Theorem 2.1 is that the left/right-shift operators with respect to a certain basis are bounded.
Recall that Corollary 1.5 shows how to fulfill this condition in any weighted ¢P-space, 1 < p < oo. It is typically
significantly more complicated to verify boundedness of the shift operators on Banach function spaces than on
Banach sequence spaces. For this reason we will formulate an alternative result in Section 2.3, tailored to the setting
of Banach function spaces.

2.2 Localized sequences in Banach spaces
Next we will prove that Theorem 2.1 can be generalized to certain infinite sequences, provided their coordinates
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decay "sufficiently fast". To motivate the exact formulation of the condition, assume for a moment that {f; };-, is
a sequence in £P for some p € (1, ). The canonical delta-sequence {e,};-, is an unconditional basis for #P and
its dual space (¢P)*, and the jth coordinate in the vector f is precisely (fk,e]-). A natural way of defining "fast
decay" of the coordinates of fj is to require that there exist constants C, 8 > 0 such that

(i, €j)| < Ce PU~H, vjkeN (2.7)
We will use exactly this idea, but formulated for a general basis for the Banach space X.

Theorem 2.2 Let X denote a Banach space with basis {ey }z—~, and associated dual basis {e; };-,, and let X; be a
solid Banach sequence space with an absolutely continuous norm, which contains the canonical unit vectors
{6131 Let {fi}r=1 © X and assume the followings:

(i) The left/right-shift operators L, R with respect to the given basis {e; }z~, are bounded on X. Choose any A >
lIRI]-

(ii) There exists a constant B > 0 such that

< Bl{ci 3 llx,

[°)
k=1

for all finite sequences {cy}r=1-
(iii) There exist constants C > 0 and 8 > In A such that {e‘ﬁf};i1 € X, and

|(fioe/)| < Ce Pl vj k e N (2.8)

Finally, fixing a sequence {e, }5~, € ¢* of positive scalars, choose a strictly increasing sequence of nonnegative
integers {a(k)}y=, such that for all k € N,

SO ED]Iflly < €/2 (2.9)

Then @: = 37, S*% £, is well-defined. Moreover, by choosing a(1) = 0 and {a(k)};-, recursively such that

ak)zak—1)+k—-2,Vk=>2 (2.10)
and
i (216 (e 2, Jn (b)) -m o
a(k) > In (1)-F !
then

[oe]

Ifie = T*® g, < Z €n, Yk EN

n=k+1

Proof. First note that the infinite sum Y5, S*®) £, is absolutely convergent; indeed, by (2.9),

D IS @l < DT USIPllfelle <172 € < o0
k=1 k=1 k=1

Thus @ = ¥, S¥® £, is well-defined. Let k € N, then
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oo

Z Tat) gam £

n=k+1

k-1
Ific — T4®g||, < z |[Tetosamp || (2.12)
n=1

X

We study the two terms at the right-hand side of the inequality separately. First,

Z sam-at) .

n=k+1
[ee]

I R AT

n=k+1
oo

I R TAT

n=k+1

oo

< Z lsem-ator |

X n=k+1

Z Tak) gam £

n=k+1

X

Using (2.9), we get

Z Tat) gam £

n=k+1

<12 Z e, (2.13)
X

n=k+1

Now, forn=1,..,k—1,

”Ta(k)sa(n)fn”X: T“(R)S“(")Z <fn'ej*)ej
=1

= ||pet)—a(m) (fn, ej*)ej—a(k)+a(n)
j=a(k)—a(n)+1

= [|pet)—a@) Z <fn,€j*+a(k)—a(n))ej
j=1

Using the condition (iii), we have |(fn, €+ q()-a(m)| < Ce Al**t=2=nl; since X, is a solid Banach
sequence space it follows that {(f,, ej*+a(k)—a(n))}:_ L €Xa and that

||{(fn' ej*+a(k)_a(n)>};||Xd <C ||{e—5|j+a(k)—a(n)—n|};il”Xd

A standard argument (using that X, is assumed to have an absolutely continuous norm) shows that the condition
(if) actually implies that the stated inequality holds for all {c; }y=; € X4; thus we arrive at

||T“(k)5“(”)fn||x < BCAe0-a(m) ||{e—B|j+a(k)—a(n)—n|};i1||

Condition (2.10) implies that j + a(k) — a(n) —n = 0. Thus

IJFMR240631930 Volume 6, Issue 6, November-December 2024 9
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[re®sep < Beactme |[{-pUratomaem-my |

— BCeto-am) ”e—ﬁ(a(k)—“(n)—”){e_ﬁj};il”
=1lly,

3 BC(Ae_B)a(k)—a(n)e,Bn ”{e—ﬁj};:l ||X

If {a(k)}r= satisfies the growth condition specified in (2.11), then we conclude

=

|[Tatosemp ]| <172 Z € (2.14)
1 j=k+1

S
Il

The result now follows from (2.12), (2.13) and (2.14).

Example 2.3 Consider the Banach space X = £5,. As we proved in Corollary 1.5, the right/left-shift operators L, R
defined with respect to the basis {e, }r=1: = {wk"l/pSk} . are bounded and ||L|| = ||R]|| = 1. Let X; = ¢P.

k=
Clearly #P is a solid Banach space with absolutely continuous norm and it contains the canonical basis {5}~ .
Moreover, for every finite sequence {c},

1

1> el = ewi )], = (3 tewr)”

Therefore all the conditions in Theorem 2.2 are satisfied. The dual basis of {e, }r—, is given by e; = w,i/ P8k €
N. Given any sequence {f; }r=, < X, as in Theorem 2.2, write f;, = {(fk)j};:l. Then

p
= [l{erdllx,

(fic- &) = |(Filw; /P, ke € N
J

This shows that in the setting of X = ¢, X, = £P, Theorem 2.2 applies to all sequences {f; }5, such that for
some C,3 > 0,

|(F);] < Cw ™ PeBliH, vj k e N

2.3 Banach function spaces

The results in Sections 2.1-2.2 deal with general Banach spaces, having a basis with respect to which the shift
operators L and R are bounded. This condition is often considerably more complicated to verify in Banach function
spaces than in Banach sequence spaces. For this reason we will now consider the special case of Banach function
spaces, but without any condition of knowledge of a basis such that the corresponding left/right-shift operators are
bounded. In the entire section we let X denote a Banach space of functions f: R — C. For a € R, consider the
translation operator T, acting on functions fiR->C
by T, f(x): = f(x — a). We say that X is translation invariant if the translation operators T; and T_; map functions
in X into X; in this case, if T; is bounded, it follows from the open mapping theorem that also T_, is bounded.
Assuming that X is a solid Banach space and the translation operator T; is bounded, consider now forany A > ||T; ||
the weighted translation operators S, T: X — X,

Tf = AT+ /)Xoy Sf = A'Tuf, f € X (2.15)

Note that ||S|| < 1 and that for k € N, we have T*f = 2*(T_; f) x{0,:0), f € X.

Before stating the main result, Theorem 2.4, let us comment on one of the conditions in the statement of the result
and various ways of circumventing it. We will consider a sequence {fj}=, of function in X that are supported in
[0, 0). First, the choice of the interval [0, o) is not essential: the result immediately generalizes to functions
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supported on any half interval [a, ), a € R, simply by replacing the characteristic function yo ) in the
translation operator T defined in (2.15) by x[q,00)- Next, if the sequence {f} }x=, can be written as {f; }x=, =

{gr izt U {h )=, where suppgy < [0, ) and supp h; € (—o, L] for some L € R, then a similar procedure as
suggested in the particular case of a Hilbert space in [12] can be applied on {g,}z=; and {h; }r-, separately. In
this case, the sequence {gy}x=1 U {hx}x=1 can be approximated with a union of two suborbits, each associated
with a bounded operator. We refer the interested reader to [12] for details.

Theorem 2.4 Let X denote a solid translation-invariant Banach function space with absolutely continuous norm,
and assume that the translation operator T; acts boundedly on X. Let A > ||T;|| and u > A||T_;||. Assume that

{fi}r=1 © X and suppfy < [0, ). Also assume that for every k € N, there exist a;, € N and C;, > 0 such that for
every a = ay,

| fixia,oll < Cien™@ (2.16)

Fixing now a sequence {e; }r=, € ¢* of positive scalars, choose an increasing sequence {a(k)}q=, of nonnegative
integers such that

SO~ E=DIf |l < 1/2€;, k = 2 (2.17)

Then ¢: = ¥, S*K) £, is well-defined. Furthermore, if we also assume that a(1) = 0 and

ak+1)—ak) =a,, kEN (2.18)
and
al) = In (2) +In (X527 Cu(QIT_ D)%™) —1In (Zf2e41 €) 2.19)
B In ((AIT-11D~"w) '
then
Ifi—Te®g < > e
n=k+1
Proof. For every m,n € N, by (2.17) and since ||S|| < 1,
N N
> s @l < > ISI@
k=m k=m
N
<1/ZZ €~ 0 asmmn— o
k=m
As in the proof of Theorem 2.1, it follows that ¢ is well-defined. Also for k € N, we have
k-1 oo
|fie — T*®g|| < Z |[Tetsem e || + z el gam £ ‘ (2.20)
n=1 n=k+1

We now consider the two terms at the right-hand side of the inequality separately. First, using (2.17), we obtain
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ORGP B S
n=k+1 n k+1 n=k+1
< 2 R A S L R JA
n=k+1 n=k+1
<1/2 Z €n
n=k+1
Next, we get
k-1

”Ta(k)Sa'(n)fn ”
1

k-1
Z [Tet-amp |
k1

Z ” Jato-am) (Ta(k) a(n)fn) o, Oo)”

=
1l

Z qat-a(m) ”Ta(k) “O(f e, oo))”
=1

k_
Z AlT- 1”)a(k) a(n)”fn)([a(k) a(n), 00)”

n=

Sincen < k — 1, we have a(k) — a(n) = a(n + 1) — a(n) and therefore by (2.18), we get a(k) — a(n) = a,.
Therefore, by (2.16),

k-1 k-1
s | <3 QT )<= et
n=1 n=1

Now if a(k) is chosen such that (2.19) holds, we have that

a(k)In (AIT_1ID™"w) 2 In (2) + In (TFZF Ca (AT D) *™) = In (T2 g1 €5)
or

a(i)n ANT_,llg™) +In (Tx23 Cu(ANT-, DT w)*™) < In (1/2F 5241 €7).
Applying the exponential function on both sides of the inequality yields

k-1

QlIT- ||u-1>“<k>z Ca(QUIT_ AN )™ < 172 Z 6,

j=k+1

and from (2.21), we conclude that

=

-1

|[Te®semp || < 1/2 Z €

1 j=k+1

S
1]

Using now (2.20) and the obtained estimates of the two terms, we obtain the desired result.
In the next example we consider an important class of Banach spaces that satisfy all the conditions in Theorem 2.4.

Example 2.5 Let m: R — [0, o) be a continuous function and w: R — [0, ) a m-moderate weight function, i.e.,
a measurable function such that

IJFMR240631930 Volume 6, Issue 6, November-December 2024 12



https://www.ijfmr.com/

i International Journal for Multidisciplinary Research (IJFMR)

IJFMR E-ISSN: 2582-2160 e Website: www.ijfmr.com e Email: editor@ijfmr.com

wx +y) <m(x)w(y), Vx,y ER

For1l <p < oo, let

P
w(x)dx < 00}

LY (R): = {f: R-C

)

Then L? (R) is a Banach space with respect to the norm

f(x)

1/p
Ifllp, = ( fR If(x)lpw(x)dx>

We leave it to the reader to verify that the norm is absolutely continuous, L, (R) is invariant under the translation-
operators Ty, T_4, and that ||T_, || < m(=1)Y? and ||Ty|| < m(1)'/P.

In order to demonstrate the practical issues showing up in applications of Theorem 2.4, we will now consider so-
called Gabor systems. For b € R, let E, : L?(R) - L?(R) be the modulation operator defined as E,g(x) =
e?™bxg(x), x € R. Fixing a function g € L>(R) and some parameters a,b > 0, the sequence of functions
{EmbTna9}mnez in L*(R) is called a Gabor system. Since the translation operators and modulation operators clearly
act boundedly on any LP-space, 1 < p < o as well, we will now assume that g € LP(R) and consider the Gabor
system in LP (R) instead. Note that if the function g is compactly supported, we can split the Gabor system into a
union {gx }r=1 U {hy }r=1 Where suppgy < [0, o) and supph; € (—oo, L] for some L € R; thus, as explained just
before the statement of Theorem 2.4 we can approximate the Gabor system using suborbits of two bounded
operators. In the next example we will replace the assumption that g has compact support by the assumption that
supp g < [0, o), and show how to obtain the estimate (2.16) for a certain ordering of a the "half Gabor system"

{Emanag}meZ,neNU{O}-

Example 2.6 Consider a function g € LP(R),1 < p < oo, and assume that supp g c [0, o) and that there exist
constants C,d, > 0 and u > 1 such that forall d = d,,

o3 1/p
<f Ig(x)l"’dx> < cu? (2.22)
da

Re-index the "half Gabor system" {Er,; Tra 93 meznenugo} @ {fk}k=1 in such a way that f; and fy,, differ with at
most one translate by a, i.e., if f = E;pTheg forsomem € Zand n € N then f;,; is one of the following functions

Emb T(nil)ag' E(mil)anag

Now, for k € N, write f;, = E;;pTheg, Where n € {0,1, ..., k} and m € Z. Then, considering any d > 0, we have

o)

[ ih@rar= [ i hagrax = |

[oe]

9 —naPdx= [ lg@Pdx

d—-na
Ford > d, + ka, using that n € {0,1, ..., k}, (2.22) yields
oo 1/p )
<f Ifk(x)lpdx> < C‘u—(d -na) < (C‘uka)‘u—d
d
Thus, choosing Cy: = (Cu*®) and dy: = dy + ka, we have that for any d > dy,
”fk)([d,oo)“p < Ceu™® (2.23)
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i.e., the condition (2.22) is satisfied. By a direct calculation, the "new technical assumption™ (2.22) holds if, e.g.,
lg()| < e X[o,0), VX ER

indeed, in this we can take C = 1/p and u = eP. Note that for p = 2, the function h(x) = e x[o,) Play a special
role in Gabor analysis: it generates a Gabor frame {Ep,, Tnah}m nez for L2(R) if and only if ab < 1, see [27].

2.4 -close approximations of ¢z,

In this section we will pave the way for the application of the theoretical results in Section 2.5. To motivate what
follows, consider again Theorem 2.1: for any given finite sequence {f; }4=, in X and any sequence {e; }r=; € ¢* of
positive scalars it specifies how to choose ¢ € X and powers a(k) such that for each k € N the vector T*®)
belongs to a ball around f;,, with a radius specified by (2.5). The goal of typical approximation arguments is that

the stated condition should imply that the approximating sequence - here {T“(k)<p}:=1 shares key features of the

given sequence {fj }r=1. In concrete cases this might call for extra conditions on the sequence {e,}5~, € ¢*. Recall
(see, e.g., [29]) that given a sequence {fy}r=, in a Hilbert space #, a sequence {g}r=, € H is said to be
quadratically close to {f; }; =, if

D Me—gill? <1
k=1

This concept is well-motivated. Indeed, if {f; }x=, is an orthonormal basis for 7 and {g; } =, < H is quadratically
close t0 {fi}r=1, then {gx}r=1 is a Riesz basis for #; see [29]. The following generalizes the concept of
guadratically close sequences.

Definition 2.7 Let {f; }x=1 be a sequence in a Banach space X. Given any p € [1, ) and any € > 0, a sequence
{gr}rz1 © X is said to be e-close to {f } =, with respect to 7 if

D =gl < (224)
k=1

In the setting of Theorem 2.1, Theorem 2.2 or Theorem 2.4 we will now show how to ensure that the constructed
sequence {T“(")<p}:=1 is e-close to the given sequence {f; }5-,. Recall that on the structural level, the three
mentioned results are similar: all of them ensure that for a given sequence {f} };=, in the considered Banach space
and a fixed sequence {ej};’;l € £1, the operator T, the vector ¢, and the powers a (k) satisfy the inequality (2.1).

Corollary 2.8 Let {f; }x=1 < X. Fix a positive sequence {ej};il € ¢1, and assume that the operator T: X — X, ¢ €
X, and powers a(k), k € N, have been constructed such that (2.1) is satisfied. Then the following holds true:

(i) Let €: = €27/. Then the sequence {T"‘(")q)}z;1 is e-close to {f, }3>, simultaneously for all p € [1, o). More
precisely, it holds that for all p > 1,

Z lfi —Te®g|" < =<

(ii) Fix any p € [1, o) and consider a weight sequence {w; }z=, such that ¥ ;> Z%pwk < oo, LetM:=

max {1,2,}"’21 Z%Wk} and €;: = %Z_j. Then
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S =T w, < e
k=1

(i) Consider a solid Banach sequence space X, for which {27%3}52_, € X,;. Take M: = ||{2"‘},;‘°=1||Xd and let g;: =
€/M27J. Then

Jls -0y || < (225)

Xd_

Proof. For the proof of (i), just observe that

[ee] [o0) [ee] p [ee]
1" eP
_ raty||P A pZ(_) __c
Z”f" Ol SZ Z 21 =€ 2k) T2v—1
k=1 k=1 \Jj=k+1 k=1
Similarly, under the assumptions in (ii),
(o] (o] oo p
p i
D= ®gfPwes Y [ D ema ) w,
k=1 k=1 _]=k+1
= 1
=) (/MP
k=1
< ePMITP < P
For the proof of (iii), Theorem 2.1 gives
Ifie = T*®o|| < e/m27" (2.26)

Since X, is a solid Banach sequence space and {27%}7_; € X, this implies {||f; — T"‘(")<p||}:’=1 € X, and that

A = <@gl || < Ilte/m27ll, =

Xa

as claimed.

2.5 Applications to atomic decompositions
We will now apply the theoretical results to atomic decompositions in Banach spaces. Let us first state the
definition:

Definition 2.9 Consider a Banach space X, a Banach sequence space X, and two arbitrary sequences {ey }y=; C
X and {e;}=, € X*. The pair ({ex}r=1, {ex}r=1) is called an atomic decomposition of X with respect to X, with
bounds A,B > 0, if

() {(x, ex)}p=q1 € X4 forall x € X;

(i) Allx|l = {¢x, exMi=1 llx, < Bllx|| for all x € X;

(i) x = Yo, (x, ex ey forall x € X.

Note that if 7¢ is a separable Hilbert space and X; = £2, the conditions (i)+(ii) automatically imply the existence
of a sequence {ey } =, € H such that (iii) holds. This is well-studied in the literature on frames, see, e.g., [9]. On
the other hand, in Banach spaces the so-called reconstruction property in (iii) does not follow from (i)+(ii) and has
to be assumed separately. Regardless whether (i) + (ii) holds or not, the reconstruction property (iii) clearly holds
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if {ex} =1 is a basis for the Banach space X and {ey, };=; is the dual basis. "Genuine" atomic decompositions have
been constructed, e.g., in [18, 21, 22, 30]. Stability conditions for atomic decompositions were studied in the
paper [16]; more precisely, it was shown that if a sequence {f; }r=; < X yields an atomic decomposition with
respect to a sequence {gx }r=1 < X", then a sufficiently small perturbation {f} }x=, of {fx}r=1 also yields an
atomic decomposition with respect to a certain sequence {g; }x=,. The following result specifies how to ensure
that the perturbation condition considered in [16] is satisfied in the current setting:

Corollary 2.10 Assume that ({fi}x=1, {gk},‘;‘;l) is an atomic decomposition of X with respect to #P for some p €
[1, ), with bounds A, B. Take €; = €27/ for some 0 < € < B~1. Then, if (2.1) holds, there exists a family

{9/ 3.1 € X* such that ({T“(k)(p}:=1, {g,;}le) is an atomic decomposition of X with respect to £7, with bounds
A(1 +eB)™*and B(1 — eB)~. Moreover {T“(")q)}::1 is a basis for X if and only if {f, }s=_, is a basis for X.

Proof. Corollary 2.8 (i) implies that if {f; };=, satisfies the conditions stated in either Theorem 2.1, Theorem 2.2
or Theorem 2.4 then for every finite sequence {c;},

1D, clhi=1®9)|| <) tellife =T,
< 1) (2 M= relly)

< €ell{ci3I-

The obtained inequality is a special case of the condition in Theorem 2.3 in [16], which immediately yields the
stated conclusion.

A more general way of obtaining decompositions in Banach spaces is obtained by considering Banach frames
rather than atomic decompositions. While an atomic decomposition reconstructs an element x € X using an
infinite linear combination of the vectors {e; };-, with coefficients (x, e;), k € N, the definition of a Banach
frame ensures the existence of a certain reconstruction operator, which maps the coefficients (x, ex), k € N, back
to the vector x € X. Again based on a stability result from the paper [16] and in a completely similar fashion as
the proof of Corollary 2.10, one can prove that if a sequence {f; }y=, € X™ generates a Banach frame with respect

to a certain bounded operator, then an estimate of the type (2.1) implies that also the sequence {T"‘(")q)};f:1

generates a Banach frame. Due to the similarity with Corollary 2.10 we will not go into details, but just stress the
fact that due to the setting of Banach frames the application of our theoretical results will take place in the dual
space X* for this particular case.
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