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Abstract 

In this paper, we discuss all the Hamming distances of (𝛼 + 𝑢𝛽)-constacyclic codes of 4𝑝𝑠 length over 

the finite chain ring 𝑅 = 𝔽𝑝𝑚 + 𝑢𝔽𝑝𝑚  with 𝑢2 = 0 . Using the structures of (𝛼 + 𝑢𝛽)-constacyclic 

codes of length 4𝑝𝑠 over 𝑅, the Hamming distances of all constacyclic codes of length 4𝑝𝑠 over 𝑅 are 

determined. We provide some parameters of good codes over 𝑅 as examples, from which some are new 

in literature. 
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1  Introduction 

The constacyclic codes make a most important class of linear codes in theories of error-correcting codes 

because they generalize the structural properties of cyclic codes, which are the most studied family of 

linear codes till now due to their rich algebraic structures. These codes also have practical fulfillment due 

to their encoding simply with shift registers. Nowadays, there has been a great curiosity in the study of the 

constacyclic codes for the coding theorists. 

Let 𝜆 be a unit in a finite commutative ring 𝑅 = 𝔽𝑝𝑚 + 𝑢𝔽𝑝𝑚; 𝑢2 = 0. Then 𝜆-constacyclic codes of 

length 4𝑝𝑠 are ideals of the ambient ring 𝑅𝜆 =
𝑅[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

. Constacyclic codes are said to be simple-root 

constacyclic codes if gcd(𝑛, 𝑝) = 1 and repeated-root constacyclic codes if gcd(𝑛, 𝑝) = 𝑝. 

The repeated-root constacyclic codes were first introduced by Castagnoli et al. [18] and van Lint [19] in 

1991. Although these codes are asymptotically bad but there exist some optimal codes which motivate 

researchers to work further on these codes. Later, lot of researchers studied the repeated-root constacyclic 

codes over finite fields [13, 14, 15, 16, 17, 18, 19] and finite chain rings [1, 2, 8, 9, 10, 11, 12]. 

The structures of constacyclic codes of 𝑝𝑠, 2𝑝𝑠 , 3𝑝𝑠, 4𝑝𝑠 over 𝔽𝑝𝑚 were determined by Dinh in a series 

of papers [12, 13, 14, 15]. In [12], Dinh obtained all the Hamming distances of cyclic codes of length 𝑝𝑠 

over 𝔽𝑝𝑚. Later, in [16], Özadam et al. computed the Hamming distances of all cyclic codes of 2𝑝𝑠 

length . The Hamming distances of cyclic codes of length 3𝑝𝑠 were determined in [17]. In [3], based on 

the weight-retaining property of polynomials, López-Permouth et al. determined the Hamming distances 

of some classes of constacyclic codes of length 𝑛𝑝𝑠 over the finite field 𝔽𝑝𝑚. Later, in [5], Dinh et al. 

computed all the Hamming distances of the constacyclic codes of length 4𝑝𝑠 over 𝔽𝑝𝑚. 
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The class of finite commutative chain rings of the form 𝔽𝑝𝑚 + 𝑢𝔽𝑝𝑚  has been widely used as alphabets 

of specific constacyclic codes. 

In a series of studies [1, 8, 9, 10, 11, 12], Dinh et al. established the structures of some classes of 

constacyclic codes of certain lengths over 𝔽𝑝𝑚 + 𝑢𝔽𝑝𝑚. In [2], Guenda et al. determined the algebraic 

structures of constacyclic codes of length 𝑤𝑝𝑠 in generalized form over the finite ring 
𝔽𝑝𝑚[𝑢]

〈𝑢𝑒〉
. However, a 

minimal amount of work has been done on the computation of the Hamming distances of constacyclic 

codes due to computational complexity. In [1], Dinh determined all the Hamming distances of (𝛼 +

𝑢𝛽)-constacyclic codes of length 𝑝𝑠  over 𝑅  using the results of [3, 15]. Later, in [4], Dinh et al. 

determined the Hamming distances of all 𝛾-constacyclic codes of prime power length over 𝑅. 

The rest of this paper is organized as follows. Section 2 contains the structures of all (𝛼 + 𝑢𝛽)- 

constacyclic codes of length 4𝑝𝑠 over 𝔽𝑝𝑚 + 𝑢𝔽𝑝𝑚  and some other preliminary results. In Section 3, we 

compute all the Hamming distances of (𝛼 + 𝑢𝛽)-constacyclic codes of length 4𝑝𝑠 over 𝑅. In section 4, 

we provide some examples for different units of 𝑅. In section 5, we explore all maximum distance 

separable (𝛼 + 𝑢𝛽)-constacyclic codes of length 4𝑝𝑠 over 𝑅 and we conclude the paper in section 6. 

 

2  Preliminaries 

Let 𝑅 = 𝔽𝑝𝑚 + 𝑢𝔽𝑝𝑚; 𝑢2 = 0 be a finite commutative ring, where 𝑝 is an odd prime. The ring 𝑅 can 

also be expressed as 𝑅 =
𝔽𝑝𝑚[𝑢]

〈𝑢2〉
, where 𝑝 is prime. The elements of 𝑅 can be represented as {𝑎 +

𝑢𝑏  |  𝑎, 𝑏 ∈ 𝔽𝑝𝑚 , 𝑢2 = 0}. The ring 𝑅 has 𝑝𝑚(𝑝𝑚 − 1) units, which are of two types 𝜆 = (𝛼 + 𝑢𝛽) 

and 𝜆 = 𝛾; where 𝛼, 𝛽, 𝛾 ∈ 𝔽 𝑝𝑚. A code 𝐶 of length 𝑛 over 𝑅 is a non-empty subset of 𝑅𝑛 and 𝐶 is 

linear over 𝑅 if it is an 𝑅-submodule of 𝑅𝑛. Let 𝜆 be a unit in 𝑅 and 𝜏𝜆 be a map from 𝑅𝑛 to 𝑅𝑛 

given by 

𝜏𝜆(𝑐0, 𝑐1, . . . , 𝑐𝑛−1) = (𝜆𝑐𝑛−1, 𝑐0, . . . , 𝑐𝑛−2) 

A linear code 𝐶 over 𝑅 is 𝜆-constacyclic if 𝜏𝜆(𝐶) = 𝐶. The code 𝐶 is called cyclic and negacyclic code 

over 𝑅 according as 𝜆 = 1 and 𝜆 = −1 respectively. 

The codeword 𝑒 = (𝑒0, 𝑒1, . . . , 𝑒𝑛−1) ∈ 𝐶  can be expressed as the polynomial 𝑒(𝑥) = 𝑒0 +

𝑒1𝑥+. . . +𝑒𝑛−1𝑥𝑛−1 of 
𝑅[𝑥]

〈𝑥𝑛−𝜆〉
. 

Let 𝐶 be a code of length 𝑛 over 𝑅 and a codeword 𝑒 = (𝑒0, 𝑒1, … , 𝑒𝑛−1) ∈   𝑅𝑛. Then, the Hamming 

weight 𝑤𝑡𝐻(𝑒) of a codeword 𝑒 is the number of nonzero components i.e. 

𝑤𝑡𝐻(𝑒) = ∑

𝑛−1

0

𝑤𝑡𝐻(𝑒𝑖)  ;   where  𝑤𝑡𝐻(𝑒𝑖) = 1  if  𝑒𝑖 ≠ 0  and  𝑤𝑡𝐻(𝑒𝑖) = 0  if  𝑒𝑖 = 0. 

The minimum weight of a code 𝐶 is denoted by 𝑤𝑡𝐻(𝐶) and is the smallest weight among all its nonzero 

codewords. The Hamming distance of 𝐶 is defined by 𝑑𝐻(𝐶) = min{𝑤𝑡𝐻(𝑒)|𝑒 ≠ 0, 𝑒 ∈ 𝐶}. 

The following proposition is one of the important result for the constacyclic codes. 

Proposition 2.1  [7] A linear code 𝐶 of length 𝑛 over 𝑅 is 𝜆-constacyclic code over 𝑅 if and only if 𝐶 

is an ideal of 
𝑅[𝑥]

〈𝑥𝑛−𝜆〉
. 

In [2], Guenda et al. discussed the structure of repeated-root constacyclic codes of general length 𝑤𝑝𝑠 

over 𝔽𝑝
𝑚 + 𝑢𝔽𝑝

𝑚 + ⋯ + 𝑢𝑒−1𝔽𝑝
𝑚  with 𝑢𝑒 = 0 . Here, we present those structure for (𝛼 +

𝑢𝛽)-constacyclic codes of length 4𝑝𝑠 over 𝑅. 

https://www.ijfmr.com/
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Theorem 2.2 [2] Let 𝑔𝑐𝑑(𝑤, 𝑝) = 1 and 𝜆 = (𝛼 + 𝑢𝛽) such that 𝛼 = 𝛼1
𝑝𝑠

∈ 𝔽𝑝𝑚
∗  

and 𝛽 ≠ 0. Then, 𝑥4𝑝𝑠
− 𝛼 = ∏𝑙∈𝐼 𝑓𝑙

𝑝𝑠

 factors uniquely as the product of irreducible polynomials in 

𝔽𝑝𝑚 and 𝑅 is a principle ideal ring whose ideals are generated by 

〈 ∏

𝑙∈𝐽⊂𝐼

𝑓𝑙
𝑠𝑖〉 

where 0 ≤ 𝑠𝑖 ≤ 2𝑝𝑠. 

From the above Theorem, structures of all (𝛼 + 𝑢𝛽)-constacyclic codes of length 4𝑝𝑠  over 𝑅  are 

summarized as following in Table I: 

 

Table I: Strucures of (𝛂 + 𝐮𝛃)-constacyclic codes of length 𝟒𝐩𝐬 

Structure p,m Type of 𝛌 Generator of (𝛂 + 𝐮𝛃)-constacyclic codes 

I 𝑝𝑚 ≡ 3(mod4) 𝜆 is a square 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 

II 𝑝𝑚 ≡ 3(mod4) 𝜆 is non-square 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 

III 𝑝𝑚 ≡ 1(mod4) 𝜆 is a square of the 

form 𝜆 = 𝜆0
4 

〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 

IV 𝑝𝑚 ≡ 1(mod4) 𝜆 is a square of the 

form 𝜆 = 𝜆0
2  such 

that 𝜆0  is 

non-square. 

〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 

V 𝑝𝑚 ≡ 1(mod4) 𝜆 is a non-square. 〈(𝑥4 − 𝛼0)𝑖〉 

 

Theorem 2.3 Let 𝐶  be a (𝛼 + 𝑢𝛽)-constacyclic code of length 4𝑝𝑠  over 𝑅 , then the number of 

codewords of C, is determined as follows. 

• If 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉, then |𝐶| = 𝑝𝑚(8𝑝𝑠−𝑖−𝑗−2𝑘). 

• If 𝐶 = 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉, then |𝐶| = 𝑝𝑚(8𝑝𝑠−2𝑖−2𝑗). 

• If 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉, then |𝐶| = 𝑝𝑚(8𝑝𝑠−𝑖−𝑗−𝑘−𝑙). 

• If 𝐶 = 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉, then |𝐶| = 𝑝𝑚(8𝑝𝑠−2𝑖−2𝑗). 

• If 𝐶 = 〈(𝑥4 − 𝛼0)𝑖〉, then |𝐶| = 𝑝𝑚(8𝑝𝑠−4𝑖). 

The Hamming distances of 𝜆-constacyclic codes of length 4𝑝𝑠 over 𝔽𝑝𝑚 have been given in [3, 5]. We 

are listing those results here as follows- 

Theorem 2.4 [5] Let 𝐶 = 〈(𝑥 − 𝜆0)𝑖(𝑥 + 𝜆0)𝑗(𝑥2 + 𝜆0
2)𝑘〉 ⊆

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

 for 0 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠 , and 

𝑑𝐻(𝐶) is determined by 

•   𝑑𝐻(𝐶) = 1, if𝑖 = 𝑗 = 𝑘 = 0 

•   𝑑𝐻(𝐶) = 2, if  𝑘 = 0  𝑎𝑛𝑑  0 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠(butnot  𝑖 = 𝑗 = 0) 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌2 + 1)𝑝𝜅2}, if  𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

https://www.ijfmr.com/
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•   𝑑𝐻(𝐶) = 2(𝜌2 + 1)𝑝𝜅2 , if  𝑖 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗      

≤ 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘 ≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑘 = 𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1, 𝜌2 ≤ 𝑝 − 1, 0 ≤ 𝜅2 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Remark 2.5 [5] It is easy to check that the corresponding case with 𝑘 ≤ 𝑖 ≤ 𝑗 has the same Hamming 

distances as Theorem 2.4 by symmetry. 

Theorem 2.6 [5] Let 𝐶 = 〈(𝑥 − 𝜆0)𝑖(𝑥 + 𝜆0)𝑗(𝑥2 + 𝜆0
2)𝑘〉 ⊆

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

 for 0 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠 , and 

𝑑𝐻(𝐶) is determined by 

•   𝑑𝐻(𝐶) = 1, if𝑖 = 𝑗 = 𝑘 = 0 

•   𝑑𝐻(𝐶) = 2, if  𝑗 = 𝑘 = 0  𝑎𝑛𝑑  1 ≤ 𝑖 ≤ 𝑝𝑠or  𝑗 = 0  𝑎𝑛𝑑  1 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  𝑗 = 0, 1 ≤ 𝑘 ≤ 2𝑝𝑠−1  𝑎𝑛𝑑  𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  𝑗 = 0  𝑎𝑛𝑑  1 ≤ 𝑘 ≤ 𝑝𝑠  𝑎𝑛𝑑  2𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2}, if  𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑘

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = min{(2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2}, if  𝑖 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑘

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = 4(𝜌2 + 1)𝑝𝜅2 , if  𝑖 = 𝑘 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑘 = 𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1, 𝜌2 ≤ 𝑝 − 1, 0 ≤ 𝜅2 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Remark 2.7 [5] It is easy to check that the corresponding cases with 𝑖 ≤ 𝑗 ≤ 𝑘, 𝑖 ≤ 𝑘 ≤ 𝑗 and 𝑗 ≤ 𝑖 ≤ 𝑘 

have the same Hamming distances as case 𝑗 ≤ 𝑘 ≤ 𝑖 in the above Theorem 2.6.  Theorem 2.8 [5] Let 

𝐶 = 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 ⊆
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

 for 0 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠  and 𝑑𝐻(𝐶) is determined 

by 

•   𝑑𝐻(𝐶) = 1, if   𝑖 = 𝑗 = 0 

•   𝑑𝐻(𝐶) = 2, if  𝑗 = 0  𝑎𝑛𝑑  1 ≤ 𝑖 ≤ 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, If  𝑗 = 0, 𝑎𝑛𝑑  𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 3(𝜌1 + 1)𝑝𝜅1}, if  𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

•   𝑑𝐻(𝐶) = 3(𝜌1 + 1)𝑝𝜅1 , if  𝑖 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1 ≤ 𝑝 − 1, 0 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Remark 2.9 [5] It is easy to check that the corresponding case with 𝑖 ≤ 𝑗 has the same Hamming 

distances as case 𝑗 ≤ 𝑖 in the above Theorem 2.8. 

Theorem 2.10 [5] Let 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊆
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

 for 0 ≤ 𝑙 ≤ 𝑘 ≤

https://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR250136646 Volume 7, Issue 1, January-February 2025 5 

 

𝑗 ≤ 𝑖 ≤ 𝑝𝑠, and 𝑑𝐻(𝐶) is determined by 

•   𝑑𝐻(𝐶) = 1, if  𝑖 = 𝑗 = 𝑘 = 𝑙 = 0 

•   𝑑𝐻(𝐶) = 2, if  𝑘 = 𝑙 = 0  𝑎𝑛𝑑  0 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠  (𝑏𝑢𝑡𝑛𝑜𝑡𝑖 = 𝑗 = 0)or  𝑙 = 0  𝑎𝑛𝑑  1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖

≤ 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  𝑙 = 0, 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑝𝑠  𝑎𝑛𝑑  𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = min{2(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}if  𝑖 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = 4(𝜌3 + 1)𝑝𝜅3if  𝑖 = 𝑗 = 𝑘 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑘 = 𝑙 = 𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1, 𝜌2, 𝜌3 ≤ 𝑝 − 1, 0 ≤ 𝜅3 ≤ 𝜅2 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Remark 2.11 [5] It is easy to check that the corresponding cases with 𝑘 ≤ 𝑙 ≤ 𝑗 ≤ 𝑖, 𝑘 ≤ 𝑙 ≤ 𝑖 ≤ 𝑗, 𝑙 ≤

𝑘 ≤ 𝑖 ≤ 𝑗 , 𝑗 ≤ 𝑖 ≤ 𝑙 ≤ 𝑘 , 𝑖 ≤ 𝑗 ≤ 𝑘 ≤ 𝑙 , 𝑖 ≤ 𝑗 ≤ 𝑙 ≤ 𝑘  and 𝑗 ≤ 𝑖 ≤ 𝑘 ≤ 𝑙  have the same Hamming 

distances as 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 in the above Theorem. 

Theorem 2.12 [5] Let 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊆
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

 for 0 ≤ 𝑙 ≤ 𝑗 ≤

𝑘 ≤ 𝑖 ≤ 𝑝𝑠, and 𝑑𝐻(𝐶) is determined by 

•   𝑑𝐻(𝐶) = 1, if𝑖 = 𝑗 = 𝑘 = 𝑙 = 0 

•   𝑑𝐻(𝐶) = 2, if  𝑗 = 𝑘 = 𝑙 = 0  𝑎𝑛𝑑  1 ≤ 𝑖 ≤ 𝑝𝑠or  𝑙 = 0  𝑎𝑛𝑑  1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  𝑗 = 𝑙 = 0, 1 ≤ 𝑘 ≤ 𝑝𝑠  𝑎𝑛𝑑  𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠or  𝑙 = 0,

1 ≤ 𝑗 ≤ 𝑘 ≤ 2𝑝𝑠−1𝑎𝑛𝑑  𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  𝑙 = 0, 1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠  𝑎𝑛𝑑  2𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1 , 3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0

− 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1

≤ 𝑗 ≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = min{2(𝜌1 + 1)𝑝𝜅1 , 3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑖

= 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = min{3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑖 = 𝑗 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 
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•   𝑑𝐻(𝐶) = 4(𝜌3 + 1)𝑝𝜅3 , if  𝑖 = 𝑗 = 𝑘 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑘 = 𝑙 = 𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1, 𝜌2, 𝜌3 ≤ 𝑝 − 1, 0 ≤ 𝜅3 ≤ 𝜅2 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Remark 2.13 [5] It is easy to check that the corresponding cases with 𝑗 ≤ 𝑙 ≤ 𝑘 ≤ 𝑖, 𝑗 ≤ 𝑘 ≤ 𝑙 ≤ 𝑖, 𝑘 ≤

𝑗 ≤ 𝑙 ≤ 𝑖, 𝑙 ≤ 𝑖 ≤ 𝑘 ≤ 𝑗, 𝑖 ≤ 𝑘 ≤ 𝑙 ≤ 𝑗, 𝑘 ≤ 𝑖 ≤ 𝑙 ≤ 𝑗, 𝑖 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗, 𝑙 ≤ 𝑖 ≤ 𝑗 ≤ 𝑘, 𝑙 ≤ 𝑗 ≤ 𝑖 ≤ 𝑘, 𝑖 ≤

𝑗 ≤ 𝑙 ≤ 𝑘, 𝑗 ≤ 𝑙 ≤ 𝑖 ≤ 𝑘, 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑙, 𝑖 ≤ 𝑘 ≤ 𝑗 ≤ 𝑙, 𝑘 ≤ 𝑖 ≤ 𝑗 ≤ 𝑙 and 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 𝑙 have the same 

Hamming distances as case 𝑙 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 in the above Theorem. 

Theorem 2.14 [3] Let 𝐶 = 〈(𝑥2 − 𝛼0
2)𝑖(𝑥2 + 𝛼0

2)𝑗〉 ⊆
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

 for 0 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠  and 𝑑𝐻(𝐶)  is 

determined by 

•   𝑑𝐻(𝐶) = 1, if𝑖 = 𝑗 = 0 

•   𝑑𝐻(𝐶) = 2, if  𝑗 = 0  𝑎𝑛𝑑  1 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1}, if  𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

•   𝑑𝐻(𝐶) = 2(𝜌1 + 1)𝑝𝜅1 , if  𝑖 = 𝑝𝑠, 𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1 ≤ 𝑝 − 1, 0 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Remark 2.15 [3] It is easy to check that the corresponding case with 𝑖 ≤ 𝑗 has the same Hamming 

distances as case 𝑗 ≤ 𝑖 in the above Theorem. 

Theorem 2.16 [12] Let 𝐶 = 〈(𝑥4 − 𝛼0)𝑖〉 ⊆
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, for 𝑖 ∈ {0,1, . . . , 𝑝𝑠}, then the Hamming distance 

𝑑𝐻(𝐶) is completely determined by 

•   𝑑𝐻(𝐶) = 1, if𝑖 = 0 

•   𝑑𝐻(𝐶) = 𝜌0 + 1)𝑝𝜅0 , if  𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑝𝑠 

where 1 ≤ 𝜌0 ≤ 𝑝 − 1, 0 ≤ 𝜅0 ≤ 𝑠 − 1. 

In the following, we consider the Hamming distances of (𝛼 + 𝑢𝛽)-constacyclic codes for all structures in 

Table I. 

 

3  Hamming Distances of (𝜶 + 𝒖𝜷)-constacyclic codes of length 𝟒𝒑𝒔 over 𝑹 = 𝔽𝒑𝒎 + 𝒖𝔽𝒑𝒎 

Structure I: 𝒑𝒎 ≡ 𝟑(𝐦𝐨𝐝𝟒) and 𝝀 = (𝜶 + 𝒖𝜷) is a square in 𝑹. 

In this case, there exists 𝛼0 ∈ 𝔽𝑝𝑚
∗  such that 𝛼 = 𝛼0

4𝑝𝑠

. Also, (𝑥2 + 𝛼0
2) is irreducible in 𝔽𝑝𝑚[𝑥], and 

the factorization of 𝑥4𝑝𝑠
− 𝛼 into product of monic irreducible factors is 𝑥4𝑝𝑠

− 𝛼 = (𝑥 − 𝛼0)𝑝𝑠
(𝑥 +

𝛼0)𝑝𝑠
(𝑥2 + 𝛼0

2)𝑝𝑠
. 

Thus, the ring 𝑅𝛼+𝑢𝛽 is a principal ideal ring whose ideals are 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 , 

where 0 ≤ 𝑖, 𝑗, 𝑘 ≤ 2𝑝𝑠. Equivalently, each (𝛼 + 𝑢𝛽)-constacyclic code of length 4𝑝𝑠 over 𝑅 has the 

form 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉, 0 ≤ 𝑖, 𝑗, 𝑘 ≤ 2𝑝𝑠. Then the following lemma follows: 

Lemma 3.1  In 𝑅𝛼+𝑢𝛽 , 〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥2 + 𝛼0
2)𝑝𝑠

〉 = 〈𝑢〉 . In particular, (𝑥 − 𝛼0)(𝑥 +

𝛼0)(𝑥2 + 𝛼0
2) is nilpotent in 𝑅𝛼+𝑢𝛽 with nilpotency index 2𝑝𝑠. 
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Proof. In 𝑅𝛼+𝑢𝛽 , (𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥2 + 𝛼0
2)𝑝𝑠

= 𝑥4𝑝𝑠
− 𝛼0

4𝑝𝑠
= 𝛼 + 𝑢𝛽 − 𝛼 = 𝑢𝛽.  Thus, 

〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥2 + 𝛼0
2)𝑝𝑠

〉 = 〈𝑢〉 . Since 𝑢  has nilpotency index 2  in 𝑅𝛼+𝑢𝛽 , the last 

statement is straightforward. 

Now, we consider the Hamming distance of 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 for the case 

0 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

Theorem 3.2 Let 1 ≤ 𝜌0, 𝜌1, 𝜌2 ≤ 𝑝 − 1 , 0 ≤ 𝜅2 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1 . Let 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 +

𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 ⊆

𝑅[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

 for 0 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 and 𝑑𝐻(𝐶) is determined by 

•   𝑑𝐻(𝐶) = 1, if 0 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = 2, if  0 ≤ 𝑘 ≤ 𝑝𝑠, 0 ≤ 𝑗 ≤ 2𝑝𝑠  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌2 + 1)𝑝𝜅2}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = 2(𝜌2 + 1)𝑝𝜅2 , if  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠 

Proof. 

Case 1 𝑖 = 𝑗 = 𝑘 = 0. Then, trivially 𝐶 has a Hamming distance of 1. 

Case 2 𝑗 = 𝑘 = 0 and 𝑖 ≠ 0. 

Subcase 2.1 1 ≤ 𝑖 ≤ 𝑝𝑠. 

From 3.1, Clearly we have, 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖〉. Thus 〈(𝑥 − 𝛼0)𝑖〉 has a Hamming distance of 1.   Subcase 

2.2 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, from 3.1 and subcase 2.1, we have 〈(𝑥 − 𝛼0)𝑖〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉. 

So, 〈(𝑥 − 𝛼0)𝑖〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 

𝑢. Thus, the code has a Hamming distance of 2 from Theorem 2.4. 

Case 3  𝑘 = 0 and 𝑖 ≠ 0, 𝑗 ≠ 0 

Subcase 3.1 1 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, by 3.1, clearly, 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉  and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉  has a Hamming 

distance of 1. 

Subcase 3.2  𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

〉 

So, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, the code has a Hamming distance 2 from Theorem 2.4. 

Subcase 3.3 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 and 1 ≤ 𝑗 ≤ 𝑝𝑠. 

Then 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 by Subcase 3.1 and Lemma 3.1. 

So, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, 

multiplied by 𝑢. Thus, the code has a Hamming distance 2 from Theorem 2.4.    Case 4 𝑖 ≠ 0, 𝑗 ≠ 0 

and 𝑘 ≠ 0 

Subcase 4.1 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 
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Then, by 3.1, we have 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉  and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 +

𝛼0
2)𝑘〉 has a Hamming distance 1. 

Subcase 4.2 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 − 1. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 = 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠

(𝑥 + 𝛼0)𝑗−𝑝𝑠
(𝑥2 + 𝛼0

2)𝑘−𝑝𝑠
〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥2 + 𝛼0
2)𝑘−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, 𝐶  has the Hamming 

distances computed as 

𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌2 + 1)𝑝𝜅2}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 −

𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 −

𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 from Theorem 2.4. 

Subcase 4.3 1 ≤ 𝑘 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠

(𝑥 + 𝛼0)𝑗−𝑝𝑠
〉 by subcase 4.1. Thus, 

𝐶 has a Hamming distance of 2 from Theorem 2.4. 

Subcase 4.4 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠

〉  by subcase 4.1. Thus, 𝐶  has a 

Hamming distance of 2 from Theorem 2.4. 

Subcase 4.5 𝑖 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 2𝑝𝑠 − 1. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠

(𝑥 + 𝛼0)𝑗−𝑝𝑠
(𝑥2 + 𝛼0

2)𝑘−𝑝𝑠
〉 by Lemma 2.1. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distance as the code 

〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥2 + 𝛼0
2)𝑘−𝑝𝑠

〉  in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, 𝐶  has the Hamming 

distances of 2(𝜌2 + 1)𝑝𝜅2 from Theorem 2.4. 

Subcase 4.6 𝑖 = 𝑗 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑘 ≤ 2𝑝𝑠 − 1. 

Then,〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠

(𝑥 + 𝛼0)𝑝𝑠
(𝑥2 + 𝛼0

2)𝑘−𝑝𝑠
〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 in 𝑅𝛼+𝑢𝛽  has same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥2 + 𝛼0
2)𝑘−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus , the Hamming distances 

computed as Theorem 2.4. 

Subcase 4.7   𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠, then 𝐶 has Hamming distance of 0. 

Combining all the cases we get the Hamming distances of all (𝛼 + 𝑢𝛽)-constacyclic codes when 𝑘 ≤ 𝑗 ≤

𝑖.∎ 

Remark 3.3 Using the same technique as above, it is easy to check that the corresponding case with 𝑘 ≤

𝑖 ≤ 𝑗 has the same Hamming distances as 𝑘 ≤ 𝑗 ≤ 𝑖 in the above Theorem. 

Now, we consider the case 0 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠. For this case, Hamming distances of 𝐶 is determined 

by the following Theorem. 

Theorem 3.4 Let 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 ⊆

𝑅[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

 for 0 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠  and 

𝑑𝐻(𝐶) is determined by 

•   𝑑𝐻(𝐶) = 1, if  0 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = 2, if  0 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠or  0 ≤ 𝑗 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑘

≤ 𝑝𝑠 + 𝑝𝑠−1  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  0 ≤ 𝑗 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑝𝑠 + 2𝑝𝑠−1and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 2𝑝𝑠−1 

https://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR250136646 Volume 7, Issue 1, January-February 2025 9 

 

•   𝑑𝐻(𝐶) = 4, if  0 ≤ 𝑗 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 2𝑝𝑠  and  𝑝𝑠 + 2𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1

≤ 𝑖 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = min{(2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2}, if  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = 4(𝜌2 + 1)𝑝𝜅2 , If  𝑖 = 𝑘 = 2𝑝𝑠 , 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1, 𝜌2 ≤ 𝑝 − 1, 0 ≤ 𝜅2 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Proof. 

Case 1 𝑖 = 𝑗 = 𝑘 = 0. Then, 𝐶 has Hamming distance of 1. 

Case 2  𝑗 = 𝑘 = 0 and 𝑖 ≠ 0. 

Subcase 2.1 1 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, clearly 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖〉. Thus 〈(𝑥 − 𝛼0)𝑖〉 has a Hamming distance of 1. 

Subcase 2.2  𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥 − 𝛼0)𝑖〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 from subcase 2.1. 

So, 〈(𝑥 − 𝛼0)𝑖〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 

𝑢. Thus, the code has Hamming distance of 2 from Theorem 2.6. 

Case 3  𝑗 = 0 and 𝑖 ≠ 0, 𝑘 ≠ 0 

Subcase 3.1 1 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, clearly 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉 and thus 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0

2)𝑘〉 has a Hamming distance of 

1. 

Subcase 3.2 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, we have 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠

(𝑥2 + 𝛼0
2)𝑘−𝑝𝑠

〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉  in 𝑅𝛼+𝑢𝛽  has Hamming distances same as the code 〈(𝑥 −

𝛼0)𝑖−𝑝𝑠
(𝑥2 + 𝛼2

0)𝑘−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, 

•   𝑑𝐻(𝐶) = 2, if  𝑗 = 0  , 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  𝑗 = 0, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑝𝑠 + 2𝑝𝑠−1  and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 2𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  𝑗 = 0  𝑎𝑛𝑑  𝑝𝑠 + 1 ≤ 𝑘 ≤ 2𝑝𝑠  and  𝑝𝑠 + 2𝑝𝑠−1 + 1 ≤ 2𝑝𝑠 

from Theorem 2.6. 

Subcase 3.3 1 ≤ 𝑘 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠

〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉 in 𝑅𝛼+𝑢𝛽 has Hamming distance same as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠

〉 

in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, the code has a Hamming distance of 2 from Theorem 2.6. 

Case 4 𝑖 ≠ 0, 𝑗 ≠ 0 and 𝑘 ≠ 0 

Subcase 4.1  1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, clearly 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0

2)𝑘〉 has a 
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Hamming distance of 1. 

Subcase 4.2 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠 − 1. 

Then, we have 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 = 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠

(𝑥 + 𝛼0)𝑗−𝑝𝑠
(𝑥2 + 𝛼0

2)𝑘−𝑝𝑠
〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

〉  in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, Hamming distances computed as 

Theorem 2.6, 

𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

Subcase 4.3 𝑖 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 2𝑝𝑠 − 1. 

Then, we have 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠

(𝑥 + 𝛼0)𝑗−𝑝𝑠
(𝑥2 + 𝛼0

2)𝑘−𝑝𝑠
〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥2 + 𝛼0
2)𝑘−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, from Theorem 2.6, the 

Hamming distances computed as 

𝑑𝐻(𝐶) = min{(2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2}, if  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 

Subcase 4.4 𝑖 = 𝑘 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑗 ≤ 2𝑝𝑠 − 1. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠

(𝑥 + 𝛼0)𝑝𝑠
(𝑥2 + 𝛼0

2)𝑘−𝑝𝑠
〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 in 𝑅𝛼+𝑢𝛽  has same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0

2)𝑝𝑠
〉  in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, the Hamming distances 

computed as 

𝑑𝐻(𝐶) = 4(𝜌2 + 1)𝑝𝜅2 , if  𝑖 = 𝑘 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 +

𝜌2𝑝𝑠−𝜅2−1 from Theorem 2.6. 

Subcase 4.5 1 ≤ 𝑗 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠

(𝑥2 + 𝛼0
2)𝑘−𝑝𝑠

〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉  in 𝑅𝛼+𝑢𝛽  has Hamming distance same as the code 〈(𝑥 −

𝛼0)𝑖−𝑝𝑠
(𝑥2 + 𝛼0

2)𝑘−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, the Hamming distances computed as Theorem 

2.6, 

•   𝑑𝐻(𝐶) = 2, if  1 ≤ 𝑗 ≤ 𝑝𝑠  , 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  1 ≤ 𝑗 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑝𝑠 + 2𝑝𝑠−1  𝑎𝑛𝑑  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 2𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  1 ≤ 𝑗 ≤ 𝑝𝑠  𝑎𝑛𝑑  𝑝𝑠 + 1 ≤ 𝑘 ≤ 2𝑝𝑠  𝑎𝑛𝑑  𝑝𝑠 + 2𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

Subcase 4.6 1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠

〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥2 + 𝛼0
2)𝑘〉 in 𝑅𝛼+𝑢𝛽 has Hamming distance same as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠

〉 

in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus the code has a Hamming distance of 2 from Theorem 2.6. 

Subcase 4.7 𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠, then the code has Hamming distance of 0. 
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Combining all the cases we get the result.∎ 

Remark 3.5 Using the same technique as above, it is easy to check that the corresponding cases with 𝑖 ≤

𝑘 ≤ 𝑗, 𝑖 ≤ 𝑗 ≤ 𝑘, 𝑗 ≤ 𝑖 ≤ 𝑘 have the same Hamming distances as case 𝑗 ≤ 𝑘 ≤ 𝑖 in the above Theorem. 

Structure II: 𝒑𝒎 ≡ 𝟑(𝐦𝐨𝐝𝟒) and 𝝀 = 𝜶 + 𝒖𝜷 is non-square unit in 𝑹. 

In this case, there exist 𝛼0, 𝛿 ∈ 𝔽𝑝𝑚
∗  such that 𝛼 = 𝛼0

𝑝𝑠

 and 𝛼0 = −4𝛿4. And 𝑥4𝑝𝑠
− 𝛼 is factorized 

into product of irreducible factors as 𝑥4𝑝𝑠
− 𝛼 = (𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑝𝑠

(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑝𝑠
. 

So, 𝐶 = 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉, 0 ≤ 𝑖, 𝑗 ≤ 2𝑝𝑠  are (𝛼 + 𝑢𝛽)-constacyclic codes of 

length 4𝑝𝑠 over 𝑅. Then, we have the following lemma: 

Lemma 3.6 In 𝑅𝛼+𝑢𝛽 , 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑝𝑠
(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑝𝑠

〉 = 〈𝑢〉. In particular, (𝑥2 + 2𝛿𝑥 +

2𝛿2)(𝑥2 − 2𝛿𝑥 + 2𝛿2) is nilpotent in 𝑅𝛼+𝑢𝛽 with nilpotency index 2𝑝𝑠.  Now, we consider the case 

0 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. The following Theorem provide the Hamming distance of 𝐶 for this case. 

Theorem 3.7 The (𝛼 + 𝑢𝛽)-constacyclic codes of length 4𝑝𝑠 over 𝑅, 

𝐶 = 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 

for 0 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 have the following Hamming distances 

•   𝑑𝐻(𝐶) = 1, if0 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = 2, if  0 ≤ 𝑗 ≤ 𝑝𝑠  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  0 ≤ 𝑗 ≤ 𝑝𝑠   and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 3(𝜌1 + 1)𝑝𝜅1}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

•   𝑑𝐻(𝐶) = 3(𝜌1 + 1)𝑝𝜅1 , if  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 2𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1 ≤ 𝑝 − 1, 0 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Proof. 

Case 1 𝑖 = 𝑗 = 0. Then, the code 𝐶 has Hamming distance of 1. 

Case 2  𝑗 = 0 and 𝑖 ≠ 0. 

Subcase 2.1 1 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, clearly from 3.6, we have 𝑢 ∈ 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖〉  and thus 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖〉  has a 

Hamming distance of 1. 

Subcase 2.2 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖〉 ⊇ 〈𝑢(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖−𝑝𝑠
〉. 

So, 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖〉  has the same Hamming distances as the code 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖−𝑝𝑠
〉  in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Hence, from Theorem 2.8, we have 

•   𝑑𝐻(𝐶) = 2, if  𝑗 = 0  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  𝑗 = 0  and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

Case 3 𝑖 ≠ 0, 𝑗 ≠ 0 

Subcase 3.1  1 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, 𝑢 ∈ 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉  and thus 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 

has a Hamming distance of 1. 

Subcase 3.2  𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 − 1. 
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Then 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 = 〈𝑢(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖−𝑝𝑠
(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗−𝑝𝑠

〉. 

So, the code 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 in 𝑅𝛼+𝑢𝛽 has the Hamming distances same as the 

code 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖−𝑝𝑠
(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, from Theorem 

2.8, the Hamming distances computed as 

𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 3(𝜌1 + 1)𝑝𝜅1}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

Subcase 3.3  𝑖 = 2𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑗 ≤ 2𝑝𝑠 − 1. 

Then, 〈(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑗〉 = 〈𝑢(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑝𝑠
(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗−𝑝𝑠

〉. 

So, the code 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distance as the 

code 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑝𝑠
(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, from Theorem 

2.8, the Hamming distances computed as 

𝑑𝐻(𝐶) = 3(𝜌1 + 1)𝑝𝜅1 , if  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

Subcase 3.4 1 ≤ 𝑗 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 ⊇ 〈𝑢(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖−𝑝𝑠
〉. 

So, 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉  has the same Hamming distances as the code 〈(𝑥2 +

2𝛿𝑥 + 2𝛿2)𝑖−𝑝𝑠
〉  in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉  has a 

Hamming distance 

•   𝑑𝐻(𝐶) = 2, if  1 ≤ 𝑗 ≤ 𝑝𝑠  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  1 ≤ 𝑗 ≤ 𝑝𝑠   and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

Subcase 3.5 𝑖 = 𝑗 = 2𝑝𝑠 

Then, 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 has Hamming distance 0. 

Combining all the cases we get the Hamming distances of all (𝛼 + 𝑢𝛽)-constacyclic codes when 𝑗 ≤ 𝑖. 

∎ 

Remark 3.8 Using the same technique as above, it is easy to check that the corresponding case with 𝑖 ≤ 𝑗 

has the same Hamming distances as 𝑗 ≤ 𝑖 in the above Theorem. 

Structure III: 𝒑𝒎 ≡ 𝟏(𝐦𝐨𝐝𝟒) and 𝝀 = 𝜶 + 𝒖𝜷 is a square of the form 𝝀 = 𝝀𝟎
𝟒 in 𝑹. 

Then, there exist 𝛼0, 𝜂 ∈ 𝔽𝑝𝑚
∗  such that 𝛼 = 𝛼0

4𝑝𝑠

 and 𝜂2 = −1. 𝑥4𝑝𝑠
− 𝛼 is factorized into product of 

irreducible factors as 𝑥4𝑝𝑠
− 𝛼 = (𝑥 − 𝛼0)𝑝𝑠

(𝑥 + 𝛼0)𝑝𝑠
(𝑥 − 𝜂𝛼0)𝑝𝑠

(𝑥 + 𝜂𝛼0)𝑝𝑠
. 

Let 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 , 0 ≤ 𝑖, 𝑗, 𝑘, 𝑙 ≤ 2𝑝𝑠  be a (𝛼 + 𝑢𝛽)-constacyclic 

code of length 4𝑝𝑠 over 𝑅. Then, the following lemma follows: 

Lemma 3.9  In 𝑅𝛼+𝑢𝛽 , 〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑝𝑠

〉 = 〈𝑢〉 . In particular, (𝑥 −

𝛼0)(𝑥 + 𝛼0)(𝑥 − 𝜂𝛼0)(𝑥 + 𝜂𝛼0) is nilpotent in 𝑅𝛼+𝑢𝛽 with nilpotency index 2𝑝𝑠.  Here, we consider 

the case 0 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 to compute the Hamming distance of 𝐶. 

Theorem 3.10  Let 1 ≤ 𝜌0, 𝜌1, 𝜌2, 𝜌3 ≤ 𝑝 − 1 , 0 ≤ 𝜅3 ≤ 𝜅2 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1 . Let 𝐶 = 〈(𝑥 −

𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊆
𝑅[𝑥]

〈𝑥4𝑝𝑠
−𝜆〉

 for 0 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠  and 𝑑𝐻(𝐶)  is 

determined by 
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•   𝑑𝐻(𝐶) = 1, if0 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = 2, if  0 ≤ 𝑙 ≤ 𝑘 ≤ 𝑝𝑠, 0 ≤ 𝑗 ≤ 2𝑝𝑠  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠or  0 ≤ 𝑙 ≤ 𝑝𝑠  𝑎𝑛𝑑  𝑝𝑠 + 1 ≤ 𝑘

≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  0 ≤ 𝑙 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 2𝑝𝑠  and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1

≤ 𝑖 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = min{2(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = 4(𝜌3 + 1)𝑝𝜅3 , if  𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑘 = 𝑙 = 2𝑝𝑠 

Proof. 

Case 1 𝑖 = 𝑗 = 𝑘 = 𝑙 = 0, then 𝐶 has a Hamming distance of 1. 

Case 2 𝑗 = 𝑘 = 𝑙 = 0 and 𝑖 ≠ 0. 

Subcase 2.1 1 ≤ 𝑖 ≤ 𝑝𝑠. 

From Lemma 3.9, Clearly we have, 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖〉.Thus 〈(𝑥 − 𝛼0)𝑖〉 has a Hamming distance of 1. 

Subcase 2.2 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, from Lemma 3.9 and subcase 2.1 clearly, we have 〈(𝑥 − 𝛼0)𝑖〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉. 

So, 〈(𝑥 − 𝛼0)𝑖〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 

𝑢. Thus, the code has a Hamming distance of 2 from Theorem 2.10. 

Case 3  𝑘 = 𝑙 = 0 and 𝑖 ≠ 0, 𝑗 ≠ 0 

Subcase 3.1 1 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, by Lemma 3.9, 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉  and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉  has a Hamming 

distance of 1. 

Subcase 3.2 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

〉 

So, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, the code has a Hamming distance 2 from Theorem 2.10. 

Subcase 3.3  𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 and 1 ≤ 𝑗 ≤ 𝑝𝑠. 

Then 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 by Subcase 3.1 and Lemma 3.9. 

So, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, 

multiplied by 𝑢. Thus, the code has a Hamming distance 2 from Theorem 2.10.    Case 4 𝑙 = 0, 𝑖 ≠

0, 𝑗 ≠ 0 and 𝑘 ≠ 0 

Subcase 4.1 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, by Lemma 3.9, we have 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 −
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𝜂𝛼0)𝑘〉 has a Hamming distance 1. 

Subcase 4.2 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
〉  in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, 𝐶  has the Hamming 

distances computed as 

•   𝑑𝐻(𝐶) = 2, if  𝑙 = 0, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  𝑙 = 0, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 2𝑝𝑠  and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

from Theorem 2.10. 

Subcase 4.3 1 ≤ 𝑘 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

〉 by subcase 4.1. Thus, 

𝐶 has a Hamming distance of 2 from Theorem 2.10. 

Subcase 4.4 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉  by subcase 4.1. Thus, 𝐶  has a 

Hamming distance of 2 from Theorem 2.10. 

Case 5  𝑖 ≠ 0, 𝑗 ≠ 0, 𝑘 ≠ 0 and 𝑙 ≠ 0. 

Subcase 5.1 1 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, we have 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉  and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 −

𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 has a Hamming distance 1. 

Subcase 5.2 𝑝𝑠 + 1 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 − 1. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 = 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 −

𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽  has the 

same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉  in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, 𝐶 has the Hamming distances computed as 

𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

Subcase 5.3 𝑖 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 2𝑝𝑠 − 1. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 +

𝜂𝛼0)𝑙−𝑝𝑠
〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming 

distances as the code 〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 

𝑢. Thus, 𝐶 has the Hamming distances computed as 

𝑑𝐻(𝐶) = min{2(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, If  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

Subcase 5.4  𝑖 = 𝑗 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑙 ≤ 𝑘 ≤ 2𝑝𝑠 − 1. 
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We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 +

𝜂𝛼0)𝑙−𝑝𝑠
〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming 

distances as the code 〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. 

Thus, 𝐶 has the Hamming distances computed as 

𝑑𝐻(𝐶) = min{2(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑖 = 𝑗 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

Subcase 5.5 𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑙 ≤ 2𝑝𝑠 − 1. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑝𝑠
(𝑥 +

𝜂𝛼0)𝑙−𝑝𝑠
〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming 

distances as the code 〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. 

Thus, 𝐶 has the Hamming distances computed as 

𝑑𝐻(𝐶) = 4(𝜌3 + 1)𝑝𝜅3 , if  𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

Subcase 5.6 1 ≤ 𝑙 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
〉 . 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as 

the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
〉  in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, 𝐶  has the 

Hamming distances computed as 

•   𝑑𝐻(𝐶) = 2, if  𝑙 = 0, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  𝑙 = 0, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 2𝑝𝑠  𝑎𝑛𝑑  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

from Theorem 2.10. 

Subcase 5.7 1 ≤ 𝑙 ≤ 𝑘 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

〉 . So, the code 

〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽  has the same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, 𝐶 has the Hamming distances computed 

as 2 from Theorem 2.10. 

Subcase 5.8  1 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

We have,〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 +

𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, 𝐶 has the Hamming distances computed as 2 from Theorem 2.10. 

Subcase 5.9 𝑖 = 𝑗 = 𝑘 = 𝑙 = 2𝑝𝑠. 

Then, 𝐶 has Hamming distance of 0. 

Combining all the cases we get the Hamming distances of all (𝛼 + 𝑢𝛽)-constacyclic codes when 𝑙 ≤ 𝑘 ≤

𝑗 ≤ 𝑖. ∎ 

Remark 3.11 Using the same technique as above, it is easy to check that the corresponding cases with 

𝑘 ≤ 𝑙 ≤ 𝑗 ≤ 𝑖, 𝑘 ≤ 𝑙 ≤ 𝑖 ≤ 𝑗, 𝑙 ≤ 𝑘 ≤ 𝑖 ≤ 𝑗, 𝑗 ≤ 𝑖 ≤ 𝑙 ≤ 𝑘, 𝑖 ≤ 𝑗 ≤ 𝑘 ≤ 𝑙, 𝑖 ≤ 𝑗 ≤ 𝑙 ≤ 𝑘 and 𝑗 ≤ 𝑖 ≤

𝑘 ≤ 𝑙 have the same Hamming distances as 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 in the above Theorem. 
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Next, we consider the Hamming distance of 𝐶 for the case 0 ≤ 𝑙 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠. 

Theorem 3.12 Let 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊆
𝑅[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

 for 0 ≤ 𝑙 ≤ 𝑗 ≤ 𝑘 ≤

𝑖 ≤ 2𝑝𝑠 and 𝑑𝐻(𝐶) is determined by 

•   𝑑𝐻(𝐶) = 1, if0 ≤ 𝑙 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = 2, if  0 ≤ 𝑙 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠or  0 ≤ 𝑙 ≤ 𝑙  and  𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖

≤ 𝑝𝑠 + 𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 3, if  0 ≤ 𝑙 ≤ 𝑗 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 2𝑝𝑠  and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠or  0 ≤ 𝑙 ≤ 𝑝𝑠,

𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠 + 2𝑝𝑠−1and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 2𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  0 ≤ 𝑙 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 2𝑝𝑠  𝑎𝑛𝑑  𝑝𝑠 + 2𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1 , 3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0

− 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1

≤ 𝑗 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = min{2(𝜌1 + 1)𝑝𝜅1 , 3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑖

= 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = min{3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑖 = 𝑗 = 2𝑝𝑠 , 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1

≤ 𝑘 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = 4(𝜌3 + 1)𝑝𝜅3 , if  𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 𝑘 = 𝑙 = 2𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1, 𝜌2, 𝜌3 ≤ 𝑝 − 1, 0 ≤ 𝜅3 ≤ 𝜅2 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Proof. 

Case 1 𝑖 = 𝑗 = 𝑘 = 𝑙 = 0. Then, 𝐶 has a Hamming distance of 1. 

Case 2  𝑗 = 𝑘 = 𝑙 = 0 and 𝑖 ≠ 0. 

Subcase 2.1 1 ≤ 𝑖 ≤ 𝑝𝑠. 

From Lemma 3.9, Clearly we have, 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖〉.Thus 〈(𝑥 − 𝛼0)𝑖〉 has a Hamming distance of 1. 

Subcase 2.2 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, from clearly, we have 〈(𝑥 − 𝛼0)𝑖〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉. 

So, 〈(𝑥 − 𝛼0)𝑖〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 

𝑢. Thus, the code has a Hamming distance of 2 from Theorem 2.12. 

Case 3  𝑙 = 𝑗 = 0 and 𝑖 ≠ 0, 𝑘 ≠ 0 

Subcase 3.1 1 ≤ 𝑘 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, by Lemma 3.9, clearly, 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 − 𝜂𝛼0)𝑘〉  and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 − 𝜂𝛼0)𝑘〉  has a 

Hamming distance of 1. 

Subcase 3.2  𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then 〈(𝑥 − 𝛼0)𝑖(𝑥 − 𝜂𝛼0)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠

〉 
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So, 〈(𝑥 − 𝛼0)𝑖(𝑥 − 𝜂𝛼0)𝑘〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠

〉 

in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, the code has a Hamming distance 3 from Theorem 2.12. 

Subcase 3.3  𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 and 1 ≤ 𝑘 ≤ 𝑝𝑠. 

Then 〈(𝑥 − 𝛼0)𝑖(𝑥 − 𝜂𝛼0)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉. 

So, 〈(𝑥 − 𝛼0)𝑖(𝑥 − 𝜂𝛼0)𝑘〉 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, 

multiplied by 𝑢. Thus, the code has a Hamming distance 2 from Theorem 2.12.    Case 4  𝑙 = 0, 𝑖 ≠

0, 𝑗 ≠ 0 and 𝑘 ≠ 0 

Subcase 4.1 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, by Lemma 3.9, we have 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 −

𝜂𝛼0)𝑘〉 has a Hamming distance 1. 

Subcase 4.2  𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
〉. 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
〉  in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, 𝐶  has the Hamming 

distances computed as 

•   𝑑𝐻(𝐶) = 3, if  𝑙 = 0, 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠 + 2𝑝𝑠−1  and 𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 2𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  𝑙 = 0, 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 2𝑝𝑠  and  𝑝𝑠 + 2𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

from Theorem 2.12. 

Subcase 4.3 1 ≤ 𝑗 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠

〉 . Thus, 𝐶  has a 

Hamming distance of 3 from Theorem 2.12. 

Subcase 4.4  1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉. Thus, 𝐶 has a Hamming distance of 

2 from Theorem 2.12. 

Case 5   𝑖 ≠ 0, 𝑗 ≠ 0, 𝑘 ≠ 0 and 𝑙 ≠ 0. 

Subcase 5.1 1 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, we have 𝑢 ∈ 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉  and thus 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 −

𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 has a Hamming distance 1. 

Subcase 5.2  𝑝𝑠 + 1 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 − 1. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 = 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 −

𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽  has the 

same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉  in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, 𝐶 has the Hamming distances computed as 

𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1 , 3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0

− 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1

≤ 𝑗 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

Subcase 5.3 𝑖 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗 ≤ 2𝑝𝑠 − 1. 
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We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 +

𝜂𝛼0)𝑙−𝑝𝑠
〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming 

distances as the code 〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 

𝑢. Thus, 𝐶 has the Hamming distances computed as 

𝑑𝐻(𝐶) = min{2(𝜌1 + 1)𝑝𝜅1 , 3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑖

= 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

Subcase 5.4 𝑖 = 𝑗 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑙 ≤ 𝑘 ≤ 2𝑝𝑠 − 1. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 +

𝜂𝛼0)𝑙−𝑝𝑠
〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming 

distances as the code 〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. 

Thus, 𝐶 has the Hamming distances computed as 

𝑑𝐻(𝐶) = min{3(𝜌2 + 1)𝑝𝜅2 , 4(𝜌3 + 1)𝑝𝜅3}, if  𝑖 = 𝑗 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑘

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 + 𝜌3𝑝𝑠−𝜅3−1 

Subcase 5.5 𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑙 ≤ 2𝑝𝑠 − 1. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 = 〈𝑢(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑝𝑠
(𝑥 +

𝜂𝛼0)𝑙−𝑝𝑠
〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming 

distances as the code 〈(𝑥 − 𝛼0)𝑝𝑠
(𝑥 + 𝛼0)𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑙−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. 

Thus, 𝐶 has the Hamming distances computed as 

𝑑𝐻(𝐶) = 4(𝜌3 + 1)𝑝𝜅3 , if  𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅3 + (𝜌3 − 1)𝑝𝑠−𝜅3−1 + 1 ≤ 𝑙 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅3 +

𝜌3𝑝𝑠−𝜅3−1. 

Subcase 5.6 1 ≤ 𝑙 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠. 

We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
〉 . 

So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as 

the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝛼0)𝑗−𝑝𝑠

(𝑥 − 𝜂𝛼0)𝑘−𝑝𝑠
〉  in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, 𝐶  has the 

Hamming distances computed as 

•   𝑑𝐻(𝐶) = 3, if  1 ≤ 𝑙 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠 + 2𝑝𝑠−1  and  𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 2𝑝𝑠−1 

•   𝑑𝐻(𝐶) = 4, if  1 ≤ 𝑙 ≤ 𝑝𝑠,, 𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑘 ≤ 2𝑝𝑠  and  𝑝𝑠 + 2𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

from Theorem 2.12. 

Subcase 5.7 1 ≤ 𝑙 ≤ 𝑗 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑖 ≤ 2𝑝𝑠. 

We have,〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑘−𝑝𝑠

〉 . So, the code 

〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽  has the same Hamming distances as the code 

〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
(𝑥 + 𝜂𝛼0)𝑘−𝑝𝑠

〉  in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢 . Thus, 𝐶  has the Hamming distances 

computed as 3 from Theorem 2.12. 

Subcase 5.8  1 ≤ 𝑙 ≤ 𝑗 ≤ 𝑘 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 
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We have, 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 ⊇ 〈𝑢(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉. So, the code 〈(𝑥 − 𝛼0)𝑖(𝑥 +

𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 in 𝑅𝛼+𝑢𝛽 has the same Hamming distances as the code 〈(𝑥 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, 𝐶 has the Hamming distances computed as 2 from Theorem 2.12. 

Subcase 5.9 𝑖 = 𝑗 = 𝑘 = 𝑙 = 2𝑝𝑠. 

Then, 𝐶 has Hamming distance of 0. 

Combining all the cases we get the Hamming distances of (𝛼 + 𝑢𝛽)-constacyclic codes when 𝑙 ≤ 𝑘 ≤

𝑗 ≤ 𝑖. ∎ 

Remark 3.13 Using the same technique as above, it is easy to check that the corresponding cases with 𝑗 ≤

𝑙 ≤ 𝑘 ≤ 𝑖, 𝑗 ≤ 𝑘 ≤ 𝑙 ≤ 𝑖, 𝑘 ≤ 𝑗 ≤ 𝑙 ≤ 𝑖, 𝑙 ≤ 𝑖 ≤ 𝑘 ≤ 𝑗, 𝑖 ≤ 𝑘 ≤ 𝑙 ≤ 𝑗, 𝑘 ≤ 𝑖 ≤ 𝑙 ≤ 𝑗, 𝑖 ≤ 𝑙 ≤ 𝑘 ≤ 𝑗, 𝑙 ≤

𝑖 ≤ 𝑗 ≤ 𝑘, 𝑙 ≤ 𝑗 ≤ 𝑖 ≤ 𝑘, 𝑖 ≤ 𝑗 ≤ 𝑙 ≤ 𝑘, 𝑖 ≤ 𝑘 ≤ 𝑗 ≤ 𝑙, 𝑗 ≤ 𝑙 ≤ 𝑖 ≤ 𝑘, 𝑘 ≤ 𝑗 ≤ 𝑖 ≤ 𝑙, 𝑘 ≤ 𝑖 ≤ 𝑗 ≤ 𝑙  and 

𝑗 ≤ 𝑘 ≤ 𝑖 ≤ 𝑙 have the same Hamming distances as case 𝑙 ≤ 𝑗 ≤ 𝑘 ≤ 𝑖 in the above Theorem. 

Structure IV: When 𝒑𝒎 ≡ 𝟏(𝐦𝐨𝐝𝟒) and 𝝀 = 𝜶 + 𝒖𝜷 is a square of the form 𝝀 = 𝝀𝟎
𝟐, where 𝝀𝟎 is 

non-square in 𝑹. 

In this case, there exists 𝛼0 ∈ 𝔽𝑝𝑚
∗  such that 𝛼 = 𝛼0

2𝑝𝑠

. Obviously, 𝛼0 is also non-square. Then, (𝑥2 +

𝛼0) and (𝑥2 + 𝛼0) are irreducible in 𝔽𝑝𝑚[𝑥]. 𝑥4𝑝𝑠
− 𝛼 has the factorization into product of irreducible 

factors as 𝑥4𝑝𝑠
− 𝛼 = (𝑥2 − 𝛼0)𝑝𝑠

(𝑥2 + 𝛼0)𝑝𝑠
. 

The ring 𝑅𝛼+𝑢𝛽 is a principal ideal ring whose ideals i.e., (𝛼 + 𝑢𝛽)-constacyclic code of length 4𝑝𝑠 

over 𝑅 are 𝐶 = 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 , where 0 ≤ 𝑖, 𝑗 ≤ 2𝑝𝑠. Then, we have the following lemma: 

Lemma 3.14 In 𝑅𝛼+𝑢𝛽 , 〈(𝑥2 − 𝛼0)𝑝𝑠
(𝑥2 + 𝛼0)𝑝𝑠

〉 = 〈𝑢〉 . In particular, (𝑥2 − 𝛼0)(𝑥2 + 𝛼0)  is 

nilpotent in 𝑅𝛼+𝑢𝛽 with nilpotency index 2𝑝𝑠. 

Now, we here consider the Hamming distance of 𝐶 for the case 0 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠.  Theorem 

3.15 The (𝛼 + 𝑢𝛽)-constacyclic codes of length 4𝑝𝑠 over 𝑅, 

𝐶 = 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 

for 0 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 have the following Hamming distances 

•   𝑑𝐻(𝐶) = 1, if0 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = 2, If  0 ≤ 𝑗 ≤ 𝑝𝑠  and  𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 

•   𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

•   𝑑𝐻(𝐶) = 2(𝜌1 + 1)𝑝𝜅1 , if  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 𝑗 = 2𝑝𝑠 

where 1 ≤ 𝜌0, 𝜌1 ≤ 𝑝 − 1, 0 ≤ 𝜅1 ≤ 𝜅0 ≤ 𝑠 − 1. 

Proof. 

Case 1 𝑖 = 𝑗 = 0. Then, the code has Hamming distance of 1. 

Case 2 𝑗 = 0 and 𝑖 ≠ 0. 

Subcase 2.1 1 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, clearly, we have 𝑢 ∈ 〈(𝑥2 − 𝛼0)𝑖〉  and thus 〈(𝑥2 − 𝛼0)𝑖〉  has a Hamming distance of 1.   

Subcase 2.2 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, clearly 〈(𝑥2 − 𝛼0)𝑖〉 ⊇ 〈𝑢(𝑥2 − 𝛼0)𝑖−𝑝𝑠
〉. 
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So, 〈(𝑥2 − 𝛼0)𝑖〉 has the same Hamming distances as the code 〈(𝑥2 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied 

by 𝑢. Hence, from Theorem 2.14, we have Hamming distance of 2. 

Case 3  𝑖 ≠ 0, 𝑗 ≠ 0 

Subcase 3.1 1 ≤ 𝑗 ≤ 𝑖 ≤ 𝑝𝑠. 

Then, 𝑢 ∈ 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 and thus 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 has a Hamming distance of 1. 

Subcase 3.2  𝑝𝑠 + 1 ≤ 𝑗 ≤ 𝑖 ≤ 2𝑝𝑠 − 1. 

Then 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 = 〈𝑢(𝑥2 − 𝛼0)𝑖−𝑝𝑠
(𝑥2 + 𝛼0)𝑗−𝑝𝑠

〉. 

So, the code 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 in 𝑅𝛼+𝑢𝛽 has the Hamming distances same as the code 〈(𝑥2 −

𝛼0)𝑖−𝑝𝑠
(𝑥2 + 𝛼0)𝑗−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, from Theorem 2.14, the Hamming distances 

computed as 

𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1}, if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

Subcase 3.3  𝑖 = 2𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑗 ≤ 2𝑝𝑠 − 1. 

Then, 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 = 〈𝑢(𝑥2 − 𝛼0)𝑝𝑠
(𝑥2 + 𝛼0)𝑗−𝑝𝑠

〉. 

So, the code 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 in 𝑅𝛼+𝑢𝛽  has the same Hamming distance as the code 〈(𝑥2 −

𝛼0)𝑝𝑠
(𝑥2 + 𝛼0)𝑗−𝑝𝑠

〉 in 
𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, multiplied by 𝑢. Thus, from Theorem 2.14, the Hamming distances 

computed as 

𝑑𝐻(𝐶) = 2(𝜌1 + 1)𝑝𝜅1 , if  𝑖 = 2𝑝𝑠, 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑗

≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1 

Subcase 3.4 1 ≤ 𝑗 ≤ 𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠. 

Then, 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 ⊇ 〈𝑢(𝑥2 − 𝛼0)𝑖−𝑝𝑠
〉. 

So, 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 has the same Hamming distances as the code 〈(𝑥2 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚[𝑥]

〈𝑥4𝑝𝑠
−𝛼〉

, 

multiplied by 𝑢. Thus 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 has a Hamming distance of 2.    Subcase 3.5 𝑖 = 𝑗 =

2𝑝𝑠 

Then, 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 has Hamming distance 0. 

Combining all the cases we get the Hamming distances of (𝛼 + 𝑢𝛽)-constacyclic codes when 𝑗 ≤ 𝑖. ∎ 

Remark 3.16 Using the same technique as above, it is easy to check that the corresponding case with 𝑖 ≤

𝑗 has the same Hamming distances as 𝑗 ≤ 𝑖 in the above Theorem. 

Structure V: 𝒑𝒎 ≡ 𝟏(𝐦𝐨𝐝𝟒) and 𝝀 = 𝜶 + 𝒖𝜷 is non-square unit in 𝑹. 

Then, there exists 𝛼0 ∈ 𝔽𝑝𝑚
∗  such that 𝛼 = 𝛼0

𝑝𝑠

. Also, (𝑥4 − 𝛼0) is irreducible in 𝔽𝑝𝑚[𝑥], and so, 

𝑥4𝑝𝑠
− 𝛼 = (𝑥4 − 𝛼0)𝑝𝑠

. 

Now, consider the ring 𝑅𝛼+𝑢𝛽, whose ideals are of the form 𝐶 = 〈(𝑥4 − 𝛼0)𝑖〉, where 0 ≤ 𝑖 ≤

2𝑝𝑠 . Equivalently, 𝐶 = 〈(𝑥4 − 𝛼0)𝑖〉 , 0 ≤ 𝑖 ≤ 2𝑝𝑠  are (𝛼 + 𝑢𝛽) -constacyclic codes of length 4𝑝𝑠 

over 𝑅. Then, the following lemma follows: 

Lemma 3.17  In 𝑅𝛼+𝑢𝛽 , 〈(𝑥4 − 𝛼0)𝑝𝑠
〉 = 〈𝑢〉. In particular, (𝑥4 − 𝛼0) is nilpotent in 𝑅𝛼+𝑢𝛽  with 

nilpotency index 2𝑝𝑠. 

The Hamming distance distribution 𝑑𝐻(𝐶) of (𝛼 + 𝑢𝛽)-constacyclic codes of length 4𝑝𝑠  over 𝑅 is 
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completely determined as follows: 

Theorem 3.18  Let 𝐶 = 〈(𝑥4 − 𝛼0)𝑖〉 , for 𝑖 ∈ {0,1, . . . ,2𝑝𝑠} , then the Hamming distance 𝑑𝐻(𝐶) is 

completely determined by 

•   𝑑𝐻(𝐶) = 1, if 0 ≤ 𝑖 ≤ 𝑝𝑠 

•   𝑑𝐻(𝐶) = (𝜌0 + 1)𝑝𝜅0 , if  2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1 

•   𝑑𝐻(𝐶) = 0, if  𝑖 = 2𝑝𝑠 

Proof. 

Case 1 1 ≤ 𝑖 ≤ 𝑝𝑠. Then, 𝑢 ∈ (〈𝑥4 − 𝛼0)𝑖〉 and thus 𝑑𝐻(𝐶) = 1. 

Case 2 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 − 1. Then,〈(𝑥4 − 𝛼0)𝑖〉 = 〈𝑢(𝑥4 − 𝛼0)𝑖−𝑝𝑠
〉, which means that the codewords 

of the code 〈(𝑥4 − 𝛼0)𝑖〉 in 𝑅𝛼,𝛽 are precisely the codewords of the code 〈(𝑥4 − 𝛼0)𝑖−𝑝𝑠
〉 in 

𝔽𝑝𝑚

〈𝑥4𝑝𝑠
−𝛼〉

, 

multiplied by u, which have exactly same Hamming weights. Moreover, the code 〈(𝑥4 − 𝛼0)〉𝑖−𝑝𝑠
 of 

length 4𝑝𝑠 have Hamming distances determined as Theorem 2.16. ∎ 

 

4  Examples 

In this section, we provide some examples of (𝛼 + 𝑢𝛽)-constacyclic codes of length 4𝑝𝑠 over 𝔽𝑝𝑚 +

𝑢𝔽𝑝𝑚, where 𝛼, 𝛽 ∈ 𝔽𝑝𝑚
∗  with new and good parameters from existing one according to [20]. 

Table II. Examples of 𝝀-constacyclic codes over 𝔽𝟓 + 𝒖𝔽𝟓 

𝑛 𝜆 Generator < 𝑔(𝑥) > [𝑛, 𝑀, 𝑑𝐻] 

20 1 + 3𝑢 〈(𝑥 − 1)6(𝑥 − 2)(𝑥 − 3)(𝑥 − 4)0〉 [20, 532, 2]∗ 

20 2 + 𝑢 〈(𝑥4 − 2)8〉 [20, 58, 4]∗ 

20 4 + 2𝑢 〈(𝑥2 − 2)10(𝑥2 − 3)9〉 [20, 52, 10]∗ 

100 3 + 2𝑢 〈(𝑥4 − 3)2〉 [100, 5384, 1]∗ 

100 4 + 𝑢 〈(𝑥2 − 2)0(𝑥2 − 3)10〉 [100, 5360, 2]∗ 

 

Table III. Examples of 𝝀-constacyclic codes over 𝔽𝟑𝟐 + 𝒖𝔽𝟑𝟐 

𝑛 𝜆 Generator < 𝑔(𝑥) > [𝑛, 𝑀, 𝑑𝐻] 

12 1 + 𝑢 〈(𝑥 − 1)6(𝑥 + 1)4(𝑥 + 𝜔2)2(𝑥 + 𝜔6)5〉 [12, 315, 4]∗ 

12 𝜔2 + 𝑢 〈(𝑥2 + 𝜔3)0(𝑥2 + 𝜔7)4〉 [12, 316, 2]∗ 

12 𝜔 + 2𝑢 〈(𝑥4 + 𝜔7)5〉 [12, 34, 3]∗ 

36 1 + 2𝑢 〈(𝑥 − 1)18(𝑥 + 1)18(𝑥 + 𝜔2)17(𝑥

+ 𝜔6)18〉 

[36, 32, 36]∗ 

36 2 + 2𝑢 〈(𝑥 + 𝜔)(𝑥 + 𝜔3)(𝑥 + 𝜔5)(𝑥 + 𝜔7)〉 [36, 3136, 1]∗ 

 

Table IV. Examples of 𝝀-constacyclic codes over 𝔽𝟕 + 𝒖𝔽𝟕 

𝑛 𝜆 Generator < 𝑔(𝑥) > [𝑛, 𝑀, 𝑑𝐻] 

28 1 + 3𝑢 〈(𝑥 − 1)(𝑥 + 1)(𝑥2 + 1)〉 [28, 752, 1]∗ 

28 2 + 𝑢 〈(𝑥 − 2)11(𝑥 + 2)8(𝑥2 + 4)6〉 [28, 725, 2]∗ 

28 4 + 2𝑢 〈(𝑥 − 3)13(𝑥 + 3)13(𝑥2 + 2)13〉 [28, 74, 7]∗ 

28 5 + 2𝑢 〈(𝑥2 + 𝑥 + 4)9(𝑥2 − 𝑥 + 4)2〉 [28, 734, 3]∗ 

28 3 + 𝑢 〈(𝑥2 + 2𝑥 + 2)11(𝑥2 − 2𝑥 + 2)8〉 [28, 718, 5]∗ 
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Table V. Examples of 𝝀-constacyclic codes over 𝔽𝟏𝟏 + 𝒖𝔽𝟏𝟏 

𝑛 𝜆 Generator < 𝑔(𝑥) > [𝑛, 𝑀, 𝑑𝐻] 

44 1 + 8𝑢 〈(𝑥 + 114)(𝑥 + 10)(𝑥2 + 1)12〉 [44,1149, 4]∗ 

44 2 + 𝑢 〈(𝑥2 + 4𝑥 + 8)22(𝑥2 + 7𝑥 + 8)21〉 [44,112, 33]∗ 

44 6 + 7𝑢 〈(𝑥2 + 5𝑥 + 7)16(𝑥2 + 6𝑥 + 7)22〉 [44,1112, 18]∗ 

44 5 + 5𝑢 〈(𝑥 + 2)22(𝑥 + 9)21(𝑥2 + 4)22〉 [44,111, 44]∗ 

44 10 + 3𝑢 〈(𝑥2 + 3𝑥 + 10)(𝑥2 + 8𝑥 + 10)13〉 [44,1160, 3]∗ 

 

 

 

5  Maximum Distance Separable Codes 

In [21], Norton et al. discussed the Singleton bound for finite chain ring 𝑅 with respect to the Hamming 

distance 𝑑𝐻(𝐶) and is given as |𝐶| ≤ |𝑅|𝑛−𝑑𝐻(𝐶)+1. Maximum Distance Separable (MDS) codes are 

classified as an important class of linear codes that meet the Singleton bound. They have high error 

correction capability as compared to non MDS codes. 

Theorem 5.1  (Singleton Bound) [21] Let 𝐶  be a linear code of length 𝑛  over 𝑅  with Hamming 

distance 𝑑𝐻(𝐶). Then, the Singleton bound is given by |𝐶| ≤ 𝑝2𝑚(𝑛−𝑑𝐻(𝐶)+1).     Definition 1 Let 𝐶 

be a linear code of length 𝑛 over 𝑅 with Hamming distance 𝑑𝐻(𝐶). Then, 𝐶 is said to be a maximum 

distance separable (MDS) code if it attains the Singleton bound. 

In this section, we explore all MDS (𝛼 + 𝑢𝛽)-constacyclic codes of length 4𝑝𝑠. 

Theorem 5.2  Let 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥2 + 𝛼0
2)𝑘〉 be a (𝛼 + 𝑢𝛽)-constacyclic code of length 

4𝑝𝑠  over 𝑅 . Then, the only MDS code for the Hamming distance is the ambient ring 𝑅𝛼+𝑢𝛽 =
𝑅[𝑥]

〈𝑥4𝑝𝑠
−(𝛼+𝑢𝛽)〉

 itself. 

Proof. Let 𝐶 be a (𝛼 + 𝑢𝛽)-costacyclic code of length 4𝑝𝑠 over 𝑅. From Theorem 2.3, we have |𝐶| =

𝑝𝑚(8𝑝𝑠−𝑖−𝑗−2𝑘). 

Then, 𝐶  is MDS if and only if |𝐶| = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 𝑝𝑚(8𝑝𝑠−𝑖−𝑗−2𝑘) = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 

8𝑝𝑠 − 𝑖 − 𝑗 − 2𝑘 = 8𝑝𝑠 − 2𝑑𝐻(𝐶) + 2  i.e., 𝑖 + 𝑗 + 2𝑘 = 2𝑑𝐻(𝐶) − 2 . Now, we consider the 

conditions for the equations hold from the following cases. 

Case 1 0 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑝𝑠. Then, 𝑑𝐻(𝐶) = 1, obviously we have 𝑖 + 𝑗 + 2𝑘 = 2𝑑𝐻(𝐶) − 2 if and only if 

𝑖 = 𝑗 = 𝑘 = 0. Hence, 𝐶 = 〈1〉 is a MDS (𝛼 + 𝑢𝛽)-constacyclic code of length 4𝑝𝑠 over 𝑅. 

Case 2 0 ≤ 𝑘 ≤ 𝑝𝑠,0 ≤ 𝑗 ≤ 2𝑝𝑠 and 𝑝𝑠 + 1 ≤ 𝑖 ≤ 2𝑝𝑠, or 0 ≤ 𝑗 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑝𝑠 + 𝑝𝑠−1 and 

𝑝𝑠 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 𝑝𝑠−1 . Then, 𝑑𝐻(𝐶) = 2 . Also, we have 𝑖 + 𝑗 + 2𝑘 ≥ 𝑝𝑠 + 1 > 2 ⋅ 2 − 2 =

2𝑑𝐻(𝐶) − 2. Thus, there is no MDS code. 

Case 3  0 ≤ 𝑗 ≤ 𝑝𝑠, 𝑝𝑠 + 1 ≤ 𝑘 ≤ 𝑝𝑠 + 2𝑝𝑠−1 and 𝑝𝑠 + 𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 𝑝𝑠 + 2𝑝𝑠−1. Then, 𝑑𝐻(𝐶) =

3 and 𝑖 + 𝑗 + 2𝑘 ≥ 3𝑝𝑠 + 𝑝𝑠−1 + 3 > 2 ⋅ 3 − 2 = 2𝑑𝐻(𝐶) − 2. Therefore, no MDS code exists. 

Case 4  0 ≤ 𝑗 ≤ 𝑝𝑠 , 𝑝𝑠 + 1 ≤ 𝑘 ≤ 2𝑝𝑠  and 𝑝𝑠 + 2𝑝𝑠−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 . Then, 𝑑𝐻(𝐶) = 4  and we 

have 𝑖 + 𝑗 + 2𝑘 ≥ 3𝑝𝑠 + 2𝑝𝑠−1 + 3 > 2 ⋅ 4 − 2 = 2𝑑𝐻(𝐶) − 2. Thus, no MDS code exists. 

Case 5 2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1 ≤ 𝑖 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅0 + 𝜌0𝑝𝑠−𝜅0−1 , 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 −

1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑘 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1  and 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗 ≤

2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1. Then, 𝑑𝐻(𝐶) = min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2}, and 
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𝑖 + 𝑗 + 2𝑘 ≥   8𝑝𝑠 − 𝑝𝑠−𝜅0 − 2𝑝𝑠−𝜅1 − 𝑝𝑠−𝜅2 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 2(𝜌1 − 1)𝑝𝑠−𝜅1−1 + (𝜌2

− 1)𝑝𝑠−𝜅2−1 + 4 

=   4(2𝑝𝑠 − 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1) 

(equality when  𝜅0 = 𝜅1 = 𝜅2  and  𝜌0 = 𝜌1 = 𝜌2) 

=   4(2𝑝𝑠−𝜅0(𝑝𝜅0 − 1) + 𝑝𝑠−𝜅0 + (𝜌0 − 1)𝑝𝑠−𝜅0−1 + 1) 

≥   4(2𝑝(𝑝𝜅0 − 1) + 𝑝 + (𝜌0 − 1) + 1)(equality when  𝜅0 = 𝑠 − 1) 

≥   4(2(𝜌0 + 1)𝑝𝜅0 − 1)(equality when  𝜌0 = 𝑝 − 1) 

=   2 ⋅ (𝜌0 + 1)𝑝𝜅0 − 2 + (6(𝜌0 + 1)𝑝𝜅0 − 2) 

>   2 ⋅ (𝜌0 + 1)𝑝𝜅0 − 2 

>   2 ⋅ min{(𝜌0 + 1)𝑝𝜅0 , 2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2} − 2 

=   2𝑑𝐻(𝐶) − 2 

Therefore, there is no MDS code. 

Case 6  𝑖 = 2𝑝𝑠 , 2𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1 ≤ 𝑘 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅1 + 𝜌1𝑝𝑠−𝜅1−1  and 2𝑝𝑠 −

𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1 . Then, 𝑑𝐻(𝐶) = min{2(𝜌1 +

1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2}, and 

𝑖 + 𝑗 + 2𝑘 ≥   8𝑝𝑠 − 2𝑝𝑠−𝜅1 − 𝑝𝑠−𝜅2 + 2(𝜌1 − 1)𝑝𝑠−𝜅1−1 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 3 

=   5𝑝𝑠 + 3(𝑝𝑠 − 𝑝𝑠−𝜅1 + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1) 

(equality when  𝜅1 = 𝜅2  and  𝜌1 = 𝜌2) 

=   5𝑝𝑠 + 3(𝑝𝑠−𝜅1(𝑝𝜅1 − 1) + (𝜌1 − 1)𝑝𝑠−𝜅1−1 + 1) 

≥   5𝑝𝜅1+1 + 3(𝑝(𝑝𝜅1 − 1) + (𝜌1 − 1) + 1)(equality when  𝜅1 = 𝑠 − 1) 

≥   5(𝜌1 + 1)𝑝𝜅1 + 3((𝜌1 + 1)𝑝𝜅1 − 1)(equality when  𝜌1 = 𝑝 − 1) 

=   2 ⋅ 2(𝜌1 + 1) − 2 + (4(𝜌1 + 1)𝑝𝜅1 − 1) 

>   2 ⋅ 2(𝜌1 + 1)𝑝𝜅1 − 2 

>   2 ⋅ min{2(𝜌1 + 1)𝑝𝜅1 , 4(𝜌2 + 1)𝑝𝜅2} − 2 

=   2𝑑𝐻(𝐶) − 2 

Therefore, there is no MDS code. 

Case 7  𝑖 = 2𝑝𝑠 , 𝑘 = 2𝑝𝑠  and 2𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 ≤ 𝑗 ≤ 2𝑝𝑠 − 𝑝𝑠−𝜅2 + 𝜌2𝑝𝑠−𝜅2−1. 

Then, 𝑑𝐻(𝐶) = 4(𝜌2 + 1)𝑝𝜅2, and 

𝑖 + 𝑗 + 2𝑘 ≥   8𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1 

=   7𝑝𝑠 + (𝑝𝑠 − 𝑝𝑠−𝜅2 + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1) 

=   7𝑝𝑠 + (𝑝𝑠−𝜅2(𝑝𝜅2 − 1) + (𝜌2 − 1)𝑝𝑠−𝜅2−1 + 1) 

≥   7𝑝𝜅2+1 + (𝑝(𝑝𝜅2 − 1) + (𝜌2 − 1) + 1)(equalitywhen  𝜅2 = 𝑠 − 1) 

≥   8(𝜌2 + 1)𝑝𝜅2 − 1(equalitywhen  𝜌2 = 𝑝 − 1) 

>   2 ⋅ 4(𝜌2 + 1)𝑝𝜅2 − 2 

=   2𝑑𝐻(𝐶) − 2 

Therefore, there is no MDS code. 

Case 8  𝑖 = 𝑗 = 𝑘 = 2𝑝𝑠. Then, 𝑑𝐻(𝐶) = 0, obviously 𝑖 + 𝑗 + 2𝑘 > 2𝑑𝐻(𝐶) − 2.         Combining 

all the cases, the result follows. ∎ 

Theorem 5.3 Let 𝐶 = 〈(𝑥 − 𝛼0)𝑖(𝑥 + 𝛼0)𝑗(𝑥 − 𝜂𝛼0)𝑘(𝑥 + 𝜂𝛼0)𝑙〉 be a (𝛼 + 𝑢𝛽)-constacyclic code of 

length 4𝑝𝑠 over 𝑅. Then, the only MDS code for the Hamming distance is the ambient ring 𝑅𝛼+𝑢𝛽 =
𝑅[𝑥]

〈𝑥4𝑝𝑠
−(𝛼+𝑢𝛽)〉

 itself. 

Proof. Let 𝐶 be a (𝛼 + 𝑢𝛽)-costacyclic code of length 4𝑝𝑠 over 𝑅. From Theorem 2.3, we have |𝐶| =

https://www.ijfmr.com/


 

International Journal for Multidisciplinary Research (IJFMR) 
 

E-ISSN: 2582-2160   ●   Website: www.ijfmr.com       ●   Email: editor@ijfmr.com 

 

IJFMR250136646 Volume 7, Issue 1, January-February 2025 24 

 

𝑝𝑚(8𝑝𝑠−𝑖−𝑗−𝑘−𝑙). 

Then, 𝐶  is MDS if and only if |𝐶| = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e.,𝑝𝑚(8𝑝𝑠−𝑖−𝑗−𝑘−𝑙) = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 

8𝑝𝑠 − 𝑖 − 𝑗 − 𝑘 − 𝑙 = 8𝑝𝑠 − 2𝑑𝐻(𝐶) + 2  i.e., 𝑖 + 𝑗 + 𝑘 + 𝑙 = 2𝑑𝐻(𝐶) − 2 . Now, by proceeding 

similar way as Theorem 5.2, we get the result. ∎ 

Theorem 5.4 Let 𝐶 = 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 be a (𝛼 + 𝑢𝛽)-constacyclic code of 

length 4𝑝𝑠 over 𝑅. Then, the only MDS code for the Hamming distance is the ambient ring 𝑅𝛼+𝑢𝛽 =
𝑅[𝑥]

〈𝑥4𝑝𝑠
−(𝛼+𝑢𝛽)〉

 itself. 

Proof. Let 𝐶 be a (𝛼 + 𝑢𝛽)-costacyclic code of length 4𝑝𝑠 over 𝑅. From Theorem 2.3, we have |𝐶| =

𝑝𝑚(8𝑝𝑠−2𝑖−2𝑗). 

Then, 𝐶  is MDS if and only if |𝐶| = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 𝑝𝑚(8𝑝𝑠−2𝑖−2𝑗) = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 

8𝑝𝑠 − 2𝑖 − 2𝑗 = 8𝑝𝑠 − 2𝑑𝐻(𝐶) + 2 i.e., 2𝑖 + 2𝑗 = 2𝑑𝐻(𝐶) − 2. Now, by proceeding similar way as 

Theorem 5.2, we get the result.∎ 

Theorem 5.5  Let 𝐶 = 〈(𝑥2 + 2𝛿𝑥 + 2𝛿2)𝑖(𝑥2 − 2𝛿𝑥 + 2𝛿2)𝑗〉 be a (𝛼 + 𝑢𝛽)-constacyclic code of 

length 4𝑝𝑠 over 𝑅. Then, the only MDS code for the Hamming distance is the ambient ring 𝑅𝛼+𝑢𝛽 =
𝑅[𝑥]

〈𝑥4𝑝𝑠
−(𝛼+𝑢𝛽)〉

 itself. 

Proof. Let 𝐶 be a (𝛼 + 𝑢𝛽)-costacyclic code of length 4𝑝𝑠 over 𝑅. From Theorem 2.3, we have |𝐶| =

𝑝𝑚(8𝑝𝑠−2𝑖−2𝑗). 

Then, 𝐶  is MDS if and only if |𝐶| = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 𝑝𝑚(8𝑝𝑠−2𝑖−2𝑗) = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 

8𝑝𝑠 − 2𝑖 − 2𝑗 = 8𝑝𝑠 − 2𝑑𝐻(𝐶) + 2 i.e., 2𝑖 + 2𝑗 = 2𝑑𝐻(𝐶) − 2. Now, by proceeding similar way as 

Theorem 5.2, we get the result.∎ 

Theorem 5.6 Let 𝐶 = 〈(𝑥2 − 𝛼0)𝑖(𝑥2 + 𝛼0)𝑗〉 be a (𝛼 + 𝑢𝛽)-constacyclic code of length 4𝑝𝑠 over 𝑅. 

Then, the only MDS code for the Hamming distance is the ambient ring 𝑅𝛼+𝑢𝛽 =
𝑅[𝑥]

〈𝑥4𝑝𝑠
−(𝛼+𝑢𝛽)〉

 itself. 

Proof. Let 𝐶 be a (𝛼 + 𝑢𝛽)-costacyclic code of length 4𝑝𝑠 over 𝑅. From Theorem 2.3, we have |𝐶| =

𝑝𝑚(8𝑝𝑠−2𝑖−2𝑗). 

Then, 𝐶  is MDS if and only if |𝐶| = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 𝑝𝑚(8𝑝𝑠−2𝑖−2𝑗) = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1)  i.e., 

8𝑝𝑠 − 2𝑖 − 2𝑗 = 8𝑝𝑠 − 2𝑑𝐻(𝐶) + 2 i.e., 2𝑖 + 2𝑗 = 2𝑑𝐻(𝐶) − 2. Now, by proceeding similar way as 

Theorem 5.2, we get the result.∎ 

Theorem 5.7 Let 𝐶 = 〈(𝑥4 − 𝛼0)𝑖〉 be a (𝛼 + 𝑢𝛽)-constacyclic code of length 4𝑝𝑠 over 𝑅. Then, the 

only MDS code for the Hamming distance is the ambient ring 𝑅𝛼+𝑢𝛽 =
𝑅[𝑥]

〈𝑥4𝑝𝑠
−(𝛼+𝑢𝛽)〉

 itself. 

Proof. Let 𝐶 be a (𝛼 + 𝑢𝛽)-costacyclic code of length 4𝑝𝑠 over 𝑅. From Theorem 2.3, we have |𝐶| =

𝑝𝑚(8𝑝𝑠−4𝑖). 

Then, 𝐶 is MDS if and only if |𝐶| = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1) i.e., 𝑝𝑚(8𝑝𝑠−4𝑖) = 𝑝2𝑚(4𝑝𝑠−𝑑𝐻(𝐶)+1) i.e., 8𝑝𝑠 −

4𝑖 = 8𝑝𝑠 − 2𝑑𝐻(𝐶) + 2 i.e., 4𝑖 = 2𝑑𝐻(𝐶) − 2 i.e., 2𝑖 = 𝑑𝐻(𝐶) − 1. Now, by proceeding similar way 

as Theorem 5.2, we get the result.∎ 

 

6  Conclusion 

The Hamming distances of constacyclic codes have a significant role in error-correcting coding 

theory. However, a minimal amount of work has been done on the computation of the Hamming distances 

as it is generally a very complex task. In this paper, all Hamming distances of repeated-root (𝛼 +
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𝑢𝛽)-constacyclic codes of length 4𝑝𝑠 over 𝔽𝑝𝑚 + 𝑢𝔽𝑝𝑚 are determined. Also, we obtained some new 

parameters of repeated-root constacyclic codes as examples. 
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