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Abstract 

The Hamiltonian model of the second interacting bosons was utilised to calculate the energy levels of the 

isotopes 𝐵𝑎5688
144  , 𝐶𝑒5888

146  , 𝑁𝑑6088
148 . Upon calculating the ratio (𝐸41/𝐸21), it was determined that these 

isotopes are categorised within the O(6) group according to the classifications of the collective model, 

where the typical value is 2.5. The actual values for the nuclei under investigation were (2.66, 2.59, 2.49), 

but the theoretically estimated values were 2.84, 2.73, 2.57 for the isotopes 𝐵𝑎5688
144  , 𝐶𝑒5888

146  , 𝑁𝑑6088
148 .  

correspondingly. The diminished transition probability for electric quadrupole and magnetic dipole 

transitions, together with the electric dipole moment and effective charge for each isotope examined in 

this work, were also computed. The mixing ratio 𝐸41/𝐸21 was computed to ascertain the dominating 

transition. Upon comparing the theoretical results with the available empirical data, a good concordance 

was observed, indicating an acceptable level of agreement. 

Keywords: IBM-2, medium nuclei, reduced electric quadrupole, reduced magnetic dipole, mixing ratio, 

Energy levels of nuclei. 

 

1. INTRODUCTION 

The amount of spectroscopic data accessible for neutron-rich nuclei, like the ones studied here, has 

increased dramatically in the last few years [1-4]. These findings present an opportunity for theorists in 

nuclear physics to enhance and revise current models for a thorough comprehension of nuclear structure 

[5,6]. The Interacting Boson Model (IBM) has proven to be a valuable method for an extended duration 

in characterising lowlying nuclear collective motion across diverse mass regions [7-10]. Arim and Ichello's 

original IBM version was successful in characterising the collective properties of many medium and heavy 

nuclei [11-13]. The IBM-2 version differentiates between the wave functions of proton and neutron bosons 

[14].  Following this, IBM-3 and IBM-4 are introduced.  In the IBM-1 and IBM-2 models, bosons are 

classified as pairs of identical nucleons with angular momentum 𝐿 = 0, referred to as s bosons, and 𝐿 =

2, referred to as d bosons. In the IBM-3, there exists a third category of bosons, referred to as bosons, 

characterised by their composition of distinct types of particles [15-17]. In the IBM-4, there exists an 

additional boson with 𝐿 = 4, referred to as g-bosons [18]. The latter two forms are confined to a certain 

area of nucleus. This study will use the IBM-2 version to compute several nuclear characteristics of 

neutron-rich isotones. 𝐵𝑎5688
144  , 𝐶𝑒5888

146  , 𝑁𝑑6088
148 .   

 

2. Model theoretical foundation 

In IBM-2, the energy levels and gamma transition matrix elements are computed using the Hamiltonian  
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operator, which is composed of three parts: one for proton bosons, one for neutron bosons, and a third that 

describes the interaction between different bosons [19]. 

𝐻 = 𝐻𝜋 + 𝐻𝜈 + 𝐻𝜋𝜈                                                                                                                                1 

A common form for the Hamiltonian in phenomenological computations is 

�̂� = 𝜀𝑑(�̂�𝑑𝜋 + �̂�𝑑𝜈) + 𝜅(�̂�𝜋. �̂�𝜈) +  ∑ �̂�𝜌𝜌𝜌=𝜋,𝜈 + �̂�𝜋𝜈(𝜉1, 𝜉2, 𝜉3)                                                       2 

where the indentation represents the scalar product.  The first statement represents the energies of neutrons 

and protons as single bosons, 𝜀𝑑, the difference in energy between s- and d-bosons, and 𝑛𝜌, the number of 

d-bosons, where 𝜌 is either a proton or a neutron boson.  The quadrupole-quadrupole interaction between 

neutron and proton bosons of strength 𝜅 is the primary component of the boson-boson interaction, which 

is represented by the second term [20].  We define the quadrupole operator as 

𝑄𝜌 = [𝑑𝜌
+𝑠𝜌 + 𝑠𝜌

+𝑑𝜌
~]

2
+ 𝜒𝜌[𝑑𝜌

+𝑑𝜌
~]

2
   𝜌 = 𝑣 𝑜𝑟 𝜋                                                                                 3 

Where 𝜒𝜌defines the configuration of the quadrupole operator and is established experimentally. The 

square bracket in eq (3) signifies angular momentum coupling [21]. The variables 𝑉𝜋𝜋 and 𝑉𝜈𝜈 in eq (2), 

which pertain to interactions among like-bosons, are sometimes used to enhance the alignment with 

experimental energy spectra. They possess the following structure. 

𝑉𝜌𝜌 =
1

2
∑ 𝐶𝐿

𝜌
𝐿=0,2,4 ([𝑑+

𝜌𝑑+
𝜌](𝐿). [𝑑𝜌𝑑𝜌](𝐿))                                                                                                    

Nevertheless, their impacts are often seen as insignificant and frequently overlooked. The Majorana term 

𝑀𝜈𝜋, including three factors 𝜉1, 𝜉2 and 𝜉3, may be expressed as [22]:  

𝑀𝜈𝜋 =
1

2
𝜉2([𝑠𝜈

+𝑑𝜋
+ − 𝑑𝜈

+𝑠𝜋
+](2). [𝑠𝜈𝑑𝜋 − 𝑑𝜈𝑠𝜋](2)) − ∑ 𝜉𝑘([𝑑𝜈

+𝑑𝜋
+](𝑘). [𝑑𝜈𝑘=1,3 𝑑𝜋](𝑘))               5 

 

3. Discussion of results and calculations 

The isotones used for this study are A=144, 146, and 148, according to the availability of experimental 

data. Numerous researchers have examined the energy spectrum and electromagnetic characteristics of 

nuclei in this area using various theoretical simulations [23-26]. The nuclei examined in this research 

paper are classified as isobars, with a fixed neutron count of N = 88, where the nearest closed shell is 82. 

Consequently, the number of neutron bosons is constant at 𝑁𝑣 = 3 for all isotopes, while the number of 

proton bosons is 𝑁𝜋 = 3, 4, and 5 for the isobars 𝐵𝑎5688
144 , 𝐶𝑒5888

146 , and 𝑁𝑑6088
148 , respectively. The 

Hamiltonian parameters in Eq 2 were designated as free parameters to enable their manipulation in order 

to get optimal theoretical values that closely align with the experimental data. Table 1 presents the 

parameters used in this study, indicating that some were constant while others were varied, as the values 

of the boson energy parameter fluctuated between 0.5 and 0.78 MeV in response to the rise in the number 

of proton bosons. The Maggiore limit was established with 𝜉1 = 𝜉3, 𝜉2, since this parameter significantly 

influences the energy level (23), which is characterized by mixed symmetry. These isotopes are classified 

under the soft gamma O (6) framework, as per the first boson model IBM-1 assessments, situated at an 

edge of the Casten triangle, where the 𝐸41/𝐸21 ratio was used to ascertain the nuclei's position on the 

Casten triangle [27-29]. Following the modification of the parameters, the energy spectrum of the isobars 

Ba, Ce, and Nd was produced, as illustrated in figures 1, 2, and 3. These figures depict a comparison 

between the theoretically calculated and experimental values, with the energy levels categorized into 

ground bands in Figure 1, demonstrating a strong concordance between the empirical and theoretical 

values, as well as the beta and gamma bands in figures 2 and 3. We observe a moderately acceptable 

correlation between theoretical and empirical values; however, certain energy levels, specifically 81 and 
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101, remain unpredicted by the model, potentially due to extreme rotational states. Consequently, the 

emphasis was placed on the ground band, focusing on levels 21 to 101 across all isotopes. The beta band 

exhibits a significant divergence from the expected values starting at 42. Regarding the gamma band for 

energy levels, we achieved an identical configuration of energy levels, indicating that the model 

successfully generated the energy spectrum of the gamma band has a similar overall pattern as seen in 

figure 3. Table 2 presents a comparison of the experimental and theoretical values of the 𝐸41/𝐸21ratio. 

Table 3 presents the experimental data and the IBM-2 estimated values for the energy levels of all isotopes 

[30]. 

 

Table- 1: Parameter values used to generate the energy spectrum in MeV in IBM-2 

Nucleus 𝑵𝝅 𝑵𝝂 N 𝜺 𝜿 𝝌𝝅 𝝌𝝂 𝑪𝟎,𝟐,𝟒 𝜉1 = 𝜉3, 𝜉2 

𝐵𝑎5688
144  3 3 6 0.500 -0.142 -1.2 -0.62 0.16,0.16,0.0 0.015, -0.099 

𝐶𝑒5888
146  4 3 7 0.660 -0.142 -1.2 -0.62 0.15,0.15,0.0 0.04, -0.040 

𝑁𝑑6088
148  5 3 8 0.780 -0.143 -1.2 -0.62 0.18,0.18,0.0 -0.080,0.045 

 

Table- 2: Comparison between experimental and theoretical values of the ratio 𝑬𝟒𝟏/𝑬𝟐𝟏and 

𝑬𝟔𝟏/𝑬𝟐𝟏 

  

Table- 3: Comparison of the values computed by the IBM-2 model with the experimental values in 

MeV obtained from the reference [30]. 

Nucleus calculations 𝐸41/𝐸21
 𝐸61/𝐸21 

𝐵𝑎5688
144  

Exp 2.66 4.82 

IBM-2 2.95 5.79 

𝐶𝑒5888
146  

Exp 2.59 5.04 

IBM-2 2.87 5.5 

𝑁𝑑6088
148  

Exp 2.49 4.25 

IBM-2 2.60 4.76 

𝑁𝑑6088
148  𝐶𝑒5888

146  𝐵𝑎5688
144  

Exp IBM-2 Exp IBM-2 Exp IBM-2 𝐽+ 

0.302 0.302 0.258 0.252 0. 199 0.206 21 

0.753 0.778 0.668 0.690 0.530 0.588 41 

1.280 1.389 1.171 1.297 0.962 1.134 61 

1.857 2.110 1.737 2.064 1.471 1.847 81 

2.472 2.947 2.352 2.993 2.044 2.707 101 

0.917 1.143 1.043 1.091 1.020 0.998 02 

1.170 0.918 1.274 1.260 1.315 1.117 22 

1.604 1.282 1.627 1.844 ------- 1.524 42 

2.099 1.872 1.956 2.450 ------- 1.992 62 

1.432 1.556 1.658 2.092 ------- 1.659 03 

1.511 1.208 1.577 1.871 ------- 1.612 31 

1.2489 1.332 1.382 1.660 1.848 1.356 23 
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1.683 1.868 1.712 2.057 ------- 1.735 43 

2.149 2.286 2.257 2.741 ------- 2.400 63 

 

Fig-1: Comparison between experimental and calculated values using IBM-2 

bands ground energy levels 
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Fig-2: Comparison between experimental and calculated values using IBM-2 
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4. Electromagnetic properties 

4.1  Reduced electric quadrupole transition probability 𝑩(𝑬𝟐) 

The wave function that is obtained from the diagonalisation of 𝐻 is used in order to calculate the reduced 

electric quadrupole transition probability and the quadrupole moment of the 2+ state. This is done in order 

to get an understanding of how the IBM-2 Hamiltonian reflects the many physical features of the nuclear 

system.  The following is the definition of the transition operator 𝐸2 with regard to IBM-2[31]: 

𝑇(𝐸2) = 𝑒𝜋𝑄𝜋 + 𝑒𝜈𝑄𝜈                                                                                                                           6 

In this context, 𝑄𝜌corresponds to the value in eq (3), while 𝑒𝜋 and 𝑒𝜈 represent the effective charges of 

the bosons, which are contingent upon the boson number 𝑁𝜌 and may assume any value to align with the 

experimental outcomes. The process for assessing the effective charge value is detailed in reference [32].  

The effective charges calculated using this method for the three isotones are shown in Table 4. The 

computation results are shown in Table 5.  The table unequivocally illustrates a robust correlation between 

the experimental data and the computed outcomes. We have identified discrepancies in certain values. The 

quadrupole moments of 21
+ have been calculated, and the corresponding values are presented in Table 6. 

There is a single piece of experimental data available. Using the experimental value of (𝐵(𝐸2); 21 − 01), 

the quadrupole moment can be calculated through the established relation [33]; 

𝐵(𝐸2; 2 → 0) =
5

16𝜋
𝑄°

2  

𝑄(21
+) = −

2

7
𝑄°                                                                                                                     7 

Where 𝑄° represents the static quadrupole moment. Although the connections pertain to collectively 

deformed nuclei, the substantial significance of the quadrupole moment warrants their use. The projected 

values consistently exceed one and have a negative sign relative to the experimental value.  

https://www.ijfmr.com/
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4.2 Reduced magnetic dipole transition probability B(M1) and mixing ratio δ(E2⁄M1) 

In the event when I =1, the following is the generic formula for the single boson magnetic transfer operator: 

𝑇(𝑀1) = [
3

4𝜋
]

1
2⁄

(𝑔𝜋𝐿𝜋
(1) + 𝑔𝜈𝐿𝜈

(1))                                                                                       8 

where 𝑔𝜋, 𝑔 represent the boson 𝑔-factors in units of 𝜇𝑁 and 𝐿(1) = √10(𝑑+𝑥�̃�)(1). This operator may 

be expressed as: 

𝑇(𝑀1) = [
3

4𝜋
]

1
2⁄

[1
2⁄ (𝑔𝜋 + 𝑔𝜈)(𝐿𝜋

(1) + 𝐿𝜈
(1)) + 1

2⁄ (𝑔𝜋 − 𝑔𝜈)(𝐿𝜋
(1) − 𝐿𝜈

(1))]                      9 

Because the first term on the right side of the eq is diagonal, we may rewrite the preceding eq as for 𝑀1 

transitions: 

𝑇(𝑀1) = 0.77[𝑑+�̃�)𝜋
(1) − (𝑑+�̃�)𝜈

(1)](𝑔𝜋 − 𝑔𝜈)                                                                    10 

Since the components of the 𝐵(𝑀1) matrix is often difficult to measure directly, the multipole mixing 

ratio may be used to represent the 𝑀1 strength of the gamma transition, as shown in [32]. 

𝛿(𝐸2
𝑀1⁄ ) = 0.835𝐸𝛾(𝑀𝑒𝑉). 𝛥 where 𝛥 =

⟨𝐼𝑓||𝑇𝐸2||𝐼𝑖⟩

⟨𝐼𝑓||𝑇𝑀1||𝐼𝑖⟩
𝑖𝑛𝑒𝑏/𝜇𝑁                                               11 

 After fitting the E2 matrix components, they may be used to get the M1 matrix elements and then calculate 

the mixing ratio 𝛿(𝐸2
𝑀1⁄ ). The 𝑔𝜋 and 𝑔𝜈 in eq (10) must be approximated if they have not been 

measured. The 𝑔 factors may be estimated from the experimental magnetic moments 𝜇 of the 21
+ state 𝜇 =

2𝑔𝑡𝑜𝑡𝑎𝑙 and 𝜇 = 0.64(8). The overall gyromagnetic ratio is documented by Sambataro et al. [34] as 

follows; 

𝑔 = 𝑔𝜋
𝑁𝜋

𝑁𝜋+𝑁𝜈
+ 𝑔𝜈

𝑁𝜈

𝑁𝜋+𝑁𝜈
                                                                                                            12 

Numerous relations may be derived for a specific mass area, subsequently allowing for the calculation of 

average values 𝑔𝜋 and 𝑔𝜈 for that region. One experimental 𝐵(𝑀1) measurement and the previously 

indicated connection were used to ascertain that 𝑔𝜋 − 𝑔𝑣 = 0.017𝜇𝑁.  It is important to recognise that the 

traditional values of the g factor must conform to the equation 𝑔𝜋 + 𝑔𝑣 = 1𝜇𝑁. The projected parameter 

values are 𝑔𝜋 = 0.33𝜇𝑁𝑎𝑛𝑑𝑔𝜈 = 0.31𝜇𝑁; they were used to compute the ratio 𝛥(𝐸2\𝑀1) and 

subsequently the mixing ratio 𝛿(𝐸2\𝑀1)[35]. The ratios for certain transitions in 184Nd were computed, 

since experimental data for comparison is available; the results are shown in Table 6. 

 

Table- 4: Computed values of the effective charge for each boson, proton, and neutron. 

Isotones 𝑒𝜋𝑒𝑓𝑚2 𝑒𝜈𝑒𝑓𝑚2 

𝐵𝑎5688
144  0.041 0.215 

𝐶𝑒5888
146  0.158 0.355 

𝑁𝑑6088
148  0.100 0.566 

                                          

Table- 5: Theoretical and experimental values of the transition probability of the reduced electric 

quadrupole B(E2) in unit 𝒆𝟐𝒃𝟐 

Transition 𝐵𝑎5688
144  𝐶𝑒5888

146  𝑁𝑑6088
148  

Exp. IBM-2 Exp. IBM-2 Exp. IBM-2 

21 → 01 0.208(6) 0.203 0.93(13) 0.94 1.37(2) 1.431 

22 → 01  0.007  0.025 0.075(5) 0.133 
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Table- 6: Experimental and theoretical values of electric quadrupole moment in unit 𝒇𝒎𝟐. 

Isotones [𝑄𝑓𝑚2]𝑒𝑥𝑝. [𝑄𝑓𝑚2]𝑡ℎ𝑒𝑜𝑟.
 

𝐵𝑎5688
144  -0.68(2) -1.78 

𝐶𝑒5888
146  -1.37(19) -1.54 

𝑁𝑑6088
148  -1.46(13) -2.18 

 

Table-7: Theoretical and experimental determinations of the isotope mixing ratio 𝑵𝒅𝟔𝟎𝟖𝟖
𝟏𝟒𝟖  

Isotones Transition energy 

(MeV) 

𝐼𝑓 → 𝐼𝑖 [𝛿(𝐸2
𝑀1⁄ )]𝑒𝑥𝑝. [𝛿(𝐸2

𝑀1⁄ )]𝑡ℎ𝑒𝑜𝑟. 

𝑁𝑑6088
148  

0.869 22 → 21 +8(+12-2) +6.92 

0.947 23 → 21 - -0.34 

1.209 31 → 21 0.20(4) -5.12 

0.759 31 → 41 +5(+15-22) -12.1 

0.976 32 → 41 0.0(+13-1) -0.25 

1.427 32 → 21 +0.37(5) +60 
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