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Introduction and Preliminaries
Let (X, d) be a metric space. We denote the class of non empty and bounded subsets of X by B(X). For
A,B € B(X), function D(A, B) and 6(4, B) are defined as follows:

D(A,B) = inf{d(a,b): a€ A,b€ B}

6(A,B) = sup{d(a,b): a€ A bE B}
If A ={a} thenwewrite D(A,B) = D(a,B)and &§(4,B) = 6(a,B). Also in addition, if B = { b },
then D(A,B) = d(a,b) and §(4,B) = d(a,b). Obviously, D(A,B) < 5(4,B). For all A,B,C €
B(X), the definition of §(4, B) yields the following:

6(A,B) =6(B,A)
6(A,B) < 6(A,C) +46(C,B)
6(A,B) =0iff A =B ={a}
6(A,B) = diam A (Fisher 1981, and Iseki, 1983).

Fixed point for multivalued functions is a vast chapter of functional analysis. In particular, the function
6(A, B) has been used in many works in this area. Some of these works are noted in Choudhury [3],
Fisher [7] and Fisher and Ise'ki [8].

We will use the following relation between two non empty subsets of a partially ordered set.

Definition 1: (Beg and Butt, [2]) : Let A and B be two non empty subsets of a partially ordered set
(X, <). The relation between A and B is denoted and defined as follows:

A < B, ifforevery a € Athere exists b € B suchthat a < b.

In 1984, M.S. Khan, M. Swalech and S. Sessa [9] expanded the research of the metric fixed point theory
to a new category by introducing a control function which they called an altering distance function.
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We will utilize the following control function which is also referred to a Altering distance function.
Definition 2 : (Khan et al. [9]): A function ¥ : [0,00) — [0,00) is called a Altering distance
function if the following properties are satisfied:

I. 1 1S monotone increasing and continuous,

ii. Y() = 0 ifandonlyift = 0.
The above control function has been utilized in a large number of works in metric fixed point theory.
Some recent references are Choudhury[4], Doric [5], Dutta and Choudhury [6], Naidu [10] and Sastry
and Babu [11]. This control function has also been extended and applied to fixed point problems in
probabilistic metric spaces, and fuzzy metric spaces.
The purpose of this paper is to establish the existence of fixed point if multivalued mappings in partially
ordered metric spaces. The mappings are assumed to satisfy certain inequalities which involved the
above mentioned control functions. Further we have established that in the corresponding singlevalued
cases of partial ordered condition of the metric space can be omitted if the function is continuous.

Main Results

Theorem 2.1: Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X,d) is a complete metric space. Let T : X - B(X) be a multivalued mapping such that the
following conditions are satisfied;

there exists x, € X suchthat { x,} < Tx_0,
for x,y € X,x < yimpliesTx < Ty,
if x,, = x isanon decreasing sequence in X, then x,, < x forall n,
$(8(Tx,Ty)) < a p(max { D(x,Tx),D(y, Ty)})

+B % (max {D(x,Ty),D(y,Tx)}) +y ¢ (d(x,¥))
For all comparable x,y € X where «,8,y € (0,1)suchthat 0 <a + 26+y < landy is an
altering distance function. Then T has a fixed point.
Proof: By the assumption (i) there exists x; € Tx, such that x, < x;. By the assumption (ii), Tx, <
Tx;. Then there exists x, € Tx; such that x; < x,. Continuing the process we construct a monotone
increasing sequence { x,} in X such that x,,1; € Tx, forall n > 0.Thus we have x, < x; < x; <
X3 X ... S X X Xpp1 e
If there exists a positive integer N such that xy, = xy.,4, then x is a fixed point of T. Hence we shall
assume that x,, # x,,, foralln > 0.
Using the monotone property of y and the condition (iv), we have for all n > 0,

Y (d(xn+1:xn+2)) < 1/)(5 (Txn,Txn+1))
Y (5 (Txy, Txn+1)) < ap(max { D(xp, Txn), D(Xp41, TXp41)})
+B Y(max { DCxn, Txn+1), D (tner, T} +vih (d(en, xn11))
Y (d(xn+1; xn+2)) < ap(max { d(xp, Xp41), A(Xny1, Xn42)})
+B Y (max { d(xy, Xn42), d(Xpi1, Xn11)}) +y Y (d(xn, xn+1))

P wbhpE

There arise two cases.
Case - 1, if we take max { d(x,, Xn41), A(Xns1, Xne2)} = d(x,, x,41) then,
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a+p +y

1 — ,3 lp(d(xnlxn+1))

Y (d(xn+1» xn+2)) <

Case - 2, if we take max { d(xp, Xp41), d(Xny1, Xna2)} = d(Xps1, Xne2) then,

1/) (d(xn+1»xn+2)) < lﬁ—l_z/ﬁ l/)(d(xnfxn+1))

Since 0 < a + 2B +y < 1in both cases, which implies
1/) (d(xn+1rxn+2)) < k l/)(d(xn'xn+1))

Bty a+pB +V}
1-a-B’ 1-8

Therefore, d (X411, Xnt2) < d(Xn, Xpqq) for alln > 0and {d(x,, x,4+1)} IS monotone decreasing
sequence of non negative real numbers. Hence there exists an » > 0 such that,

d(Xy, Xpe1) > T As N> 0,

Taking the limitas n — oo in (2.1) and using the continuity of i), we have

Y ()< ky(r)

where k = max {

which is a contradiction unless r = 0.
Hence,
limy e d(xn, Xp41) = 0
Next we show that {x,} isa Cauchy sequence. If otherwise, there exists an e > 0 for which we can
find two sequences of positive integers { m(k) } and { n(k)} such that for all positive integers Kk,
n(k) > mk) > kand (Xpm@) Xn@) = € -
Assume that n(Kk) is the smallest such positive integer, we get, n(k) > m(k) > k
d(xm(k),xn(k)) > e and d(xm(k),xn(k)_l) <eE€.
Now,
€ < d(Xm@y X)) S d(Xm Xno-1) + d@x_(n(k) = 1), X))
that is,
€ < d(Xm@), Xniy) < € + d(Xng-1,%nw0))
Taking the limitas k — oo in the above inequality and (2.3), we have
limn_)oo d(xm(k),xn(k)) =€
Again,
d(Xm@e Xn) < A(Xm@y Xmao+1) + A(Xmg+1 Xno+1) + A(Xn@o+1 X))
and,
d(Xmao+1 Xn0+1) < AdXmo+1 Xmao) + d(Xmao X)) + A(Xnw) Xngy+1)

Taking the limitas k — oo in the above inequality and (2.3) and (2.4), we have,
limy_e d(xm(k)+1:xn(k)+1) =€
Again,

d(Xm(iy Xn() < d(%maey Xno+1) + d(Xngo1, Xna))
and,

d(Xm@y Xn+1) < d(Xm@ Xnt0) + @(Fnwy Xnwo+1)
Taking the limit as k — oo in the above inequality and (2.3) and (2.4), we have,
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limyse d(Xmey Xno+1) = €

Similarly we have that

limy o d(xn(k)rxm(k)+1) =€

For each positive integer K, x., ) and x, are comparable. Then using the monotone property of y and
the condition (iv), we have

Y (d(xm(k)+1'xn(k)+1)) <y (5 (Txm(k):Txn(k)))
Y (5 (Txmae, Txn(k))) < a yp(max {D (xm@), TXmao ), D (%nae, Txnao)})

+B ¥ (max { D(xmae, Txni)s D (%ni TXmao)}) +v ¥ (d(xm(k)'xn(k)))

By using (iv) and on taking limit as k — oo in the above inequality and (2.3) - (2.7), and using the
continuity of y» we have,
Y(e) < ky(e)
which is contradiction by virtue of a property of y.
Hence { x,,} is a Cauchy sequence. From the completeness of X, there existsa z € X such that
Xp— Z aS N — ©
By the assumption (iii), x,, < z, forall n.
Then by the monotone property of ¥ and the condition (iv), we have

Y (A0, T2) < 9 (8 (T2, T()))
By using (iv) and on taking limitas k — oo in the above inequality from (2.3) and (2.8), and using the
continuity of y» we have,
1,[)(6 (z, Tz)) <k l,b((DZ, Tz)) < kY (5 (z, Tz)),

which implies that, § (z,Tz) = 0 orthat {z} = Tz.Moreover, z s a fixed point of T.
Corollary 2.2: Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X, d) is a complete metric space. Let T : X —» B(X) be a multivalued mapping such that the
following conditions are satisfied,;

1. there exists x, € X such that { x,} < Tx,,

2. for x,y € X,x < yimpliesTx < Ty,

3. ifx, —» xisanon decreasing sequence in X, then x,, < x for all n,

4. 6(Tx,Ty) < amax{D(x,Tx),D(y, Ty)}

+p max {D(x,Ty),D(y,Tx)} +y d(x,y)

For all comparable x,y € X where «,f,y € (0,1)suchthat 0 <a + 28 +y < 1land\psi isan
altering distance function. Then T has a fixed point.
Proof: On takeing an identity function in Theorem 2.1, then the above result is true and noting to prove.
The following corollary is a spacial case of Theorem 2.1 when T is a singlevalued mapping.
Corollary 2.3: Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X, d) is a complete metric space. Let T : X — X be a mapping such that the following conditions
are satisfied;

1. there exists x, € X such that { x,} < Tx,,

2. for x,y € X,x < yimpliesTx < Ty,

3. ifx, = xisanon decreasing sequence in X, then x,, < x for all n,
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4. Y(d(Tx,Ty)) < ap(max{ d(x, Tx),d(y, Ty)})
+B Y (max {d(x, Ty),d(y, Tx)}) +v ¥ (d(x,y))

For all comparable x,y € X where «,f,y € (0,1) such that 0 <a + 28 +y < landy is an
altering distance function. Then T has a fixed point.
In the following theorem we replace condition (iii) of the above corollary by requiring T to be
continuous.
Theorem 2.4: Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X, d) is a complete metric space. Let T : X — X be a mapping such that the following conditions
are satisfied;

1. there exists x, € X suchthat { x,} < Tx,,

2. for x,y € X,x < yimpliesTx < Ty,

3. l/)(d(Tx, Ty)) < ayp(max{d(x,Tx),d(y,Ty)})

+B ¢ (max {d(x,Ty),d(y, Tx)}) +y ¢ (d(x,¥))
For all comparable x,y € X where «,B,y € (0,1)suchthat 0 <a + 28 +y < landy is an
altering distance function. Then T has a fixed point.
Proof: We can treat T as a multivalued mapping in which case Tx is a singleton set for every x € X.
Then we consider the same sequence {x,, } as in the proof of Theorem 2.1, Arguing exactly as in the
proof of Theorem 2.1, we have that { x,} is a Cauchy sequence and lim,,_ (x,) = z. Then the
continuity of T implies that,
z = limy_e (0ny1) = limy0T(x,) = Tz

and this proves that z is a fixed point of T.
Theorem 2.5: Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X,d) is a complete metric space. Let T : X —» B(X) be a multivalued mapping such that the
following conditions are satisfied;

1. there exists x, € X such that { x,} < Tx_0,

2. for x,y € X,x < yimpliesTx < Ty,

3. ifx, = xisanon decreasing sequence in X, then x,, < x for all n,

4. P(8(Tx,Ty)) < Y(max {D(x,Tx),D(y,Ty)})
+ ¥ (max {D(x, TY), D(y, T} +¥ (d(x, 7))

—¢(max { 6(x,Tx),6(y, Ty),6(x,Ty),6(y, Tx),d(x,)})
For all comparable x,y € X where 1 is an altering distance function and ¢ : [0,0) — [0, o) is any
continuous function with ¢ (t) = Oifandonly if t = 0. Then T has a fixed point.
Proof: We take the same sequence {x,} as in the proof of Theorem 2.1. If there exists a positive
integer N such that x5y = xy,4, then xy is a fixed point of T. Hence we shall assume that x,, # x,41
foralln > 0.
Using the monotone property of 1 and the condition (iv), we have forall n > 0,
¢(d(xn+1fxn+2)) <y (5 (Txn'Txn+1))
W(8(Txy, Txn41))
< Y(max { D(xp, Txp), D(Xny1, Txny1)})
+ ¥ (max { D(xy, Txp41), D (xny1, Txn)})

+9 (d(xn: xn+1)) — ¢p(max {5 (xn, Txy), §(Xpt1, Txng1), 6 (Xn, Txny1), 6 (ngr, Tx), d (X, Xng1) 1)
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Y (d(xn+1'xn+2))
< Y(max {d(xp, xn41), A1, Xng2)}) + Y (max { d(xy, Xn42), d(Xng1, Xne1)})
+y (d(xn, xn+1))
—p(max { d(xp, Xn41), d(Xns1, Xn12), d(n, Xny2), A(Xng1, Xng1), d(py Xny1)3)
Yd (Xpi1, Xne2) < Yimax {d(xy, Xp41), d(Xpt1, Xn42)}) + l/)(d(xn,xn+2)) +y (d(xnrxn+1))

_¢( max { d(xru xn+1); d(xn+1' xn+2)r d(xn' xn+2): })
Then from the above inequality we have,

l:b (d(xn+1; xn+2)) < l/) (d(xn+1; xn+2)) - d) (d(xn+1' xn+2))
that is , ¢ (d(Xpy1,%ns2)) < 0 which implies that (d(xpy1,%n42)) = 0, OF that xp41 = Xpio
contradicting our assumption that is x, # x,4, for each n.
Therefore, d(xp4+1, Xnt2) < d(xXy, Xp41) for alln = 0and {d(x,, x,+1)} IS monotone decreasing
sequence of non negative real numbers. Hence there exists an r = 0 such that,
d(Xy, Xpe1) > T AS 1> ©
Taking the limit as n - c and using the continuity of v, we have

Yy s @) - ()

which is a contradiction unless r = 0.
Hence,
limp o d(Xp, Xp41) = 0
Next we show that { x,} is a Cauchy sequence. If not then using an argument to that given in Theorem
2.1, we can find two sequences of positive integers { m(k)} and {n(k)} for which,

limk_)oo d(xm(k),xn(k)) =€
limy 0 d(xm(k)+1»xn(k)+1) =€
iMoo d(Xmy Xngo+1) = €

Lm0 d(Xn(ie) Xm@o+1) = €
for each positive integer K, x, ), Xnx) are comparable. Then using monotone property of ¥ and the
condition (iv), we have

1 (d(xm(k)+1»xn(k)+1)) <y (S(Txm(k)'Txn(k)))
¥ (8 (Ttmeo Txnao) ) < W(ax { D (Xmg TXmaio), D (kncioy Tngin)})
+ 3 (max {D(xmey Txnw))» D (niy Txmao )1
+ (d(xm(k)'xn(k)))

—¢ <max{ 8 (Xmaey TXma) )» 8 (Xniy T () )» 8 (Xmie Txn(k)),}>
S(xn(k)' Txm(k))' d(xm(k)' xn(k))

P (d(xm(k)+1rxn(k)+1)) < Y(max { d(Xm) Xm@+1)» A(Xnwe, Xn+1)})
+ ¥ (max { d(xmu), Xnw+1) d(Xnt) Xm@i+1)))
+ (d(xm(k)'xn(k)))

— < ax { d(%m) Xmao+1)> A(Xn) Xny+1)» d(xm(k),xn(k)ﬂ),})
d(xn(k)' xm(k)+1)r d(.Xm(k), Xn(k))
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Letting k — oo in the above inequality, using (2.10)-(2.14) and the continuous of ¥ and ¢, we have
P(€) < Y(e) — p(e)

which contradiction by virtue of the property of ¢ .

Hence { x,, } is Cauchy sequence. From the completeness of X, there exists a z € X such that,

Xp— Zas n— o

by the assumption of (iii), x,, < z, foralln,

Then by the monotone property of 1y and the condition (iv), we have

P (dCtnsn, T2) < 9 (8(T,, T(2)))

Y (6 (Txn,T(z)))
< P(max { D(x,, Tx,), D((2),T(2))}) + ¥ (max{D(x,, T(2)),D((2),Txy,)})
8(xn, Txn), 6((2), T(2)), 8 (2, T(2)),
+ (d(w ) - ( max { 5((2), Tx), d(xn, (2)) })

Taking the limitas n — oo in the above inequality and (2.10) and (2.15), we have,

¥ (8 (27@)) <w0ET) - (5 (27(2))

which implies that,

¥ (6(2T(@)) S YO @T@)) - ¢ (8(zT(@))
Which is contradiction unless § (z,T(z)) = Oorthat, z = Tz ;thatis Z is a fixed point of T.

On taking ¥ an identity function in Theorem 2.5, we have the following result.
Corollary 2.6: Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X,d) is a complete metric space. Let T : X —» B(X) be a multivalued mapping such that the
following conditions are satisfied,;

1. there exists x, € X such that { x,} < Tx,,

2. for x,y € X,x < yimpliesTx < Ty,

3. if x,, = x is anon decreasing sequence in X, then x_n \preceq x for all n,

4. 6(Tx,Ty) <max{D(x,Tx),D(y,Ty)}
+ max{ D(x,Ty), D(y,Tx)} + (d(x,y)) — ¢p(max { §(x, Tx),5(y, Ty), 6(x, Ty), 6(y, Tx),d(x,y)})
For all comparable x,y € X where 1 is an altering distance function and ¢ : [0,00) — [0, ) is any
continuous function with ¢ (t) = Oifandonlyif ¢ = 0. Then T has a fixed point.

The following corollary is a special case of Theorem 2.5 when T is a singlevalued mapping.

Corollary 2.7: Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X, d) is a complete metric space. Let T : X — X be a multivalued mapping such that the following
conditions are satisfied;

1. there exists x, € X such that { x,} < Tx,,

2. for x,y € X,x < yimpliesTx < Ty,

3. if x, = xisanon decreasing sequence in X, then x,, < x forall n,

4. Y(d(Tx,Ty)) < P(max {d(x,Tx),d(y,Ty)}) + ¥ (max {d(x,Ty),d(y,Tx)})

+Y (d(x,y)) —¢(max {d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx),d(x,y)})
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For all comparable x,y € X where v is an altering distance function and ¢ : [0,0) — [0, o) is any
continuous function with ¢ (t) = O ifandonly if ¢ = 0. Then T has a fixed point.
In the following theorem we replace condition (iii) of the above corollary by requiring T to be
continuous.
Theorem 2.8: Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X, d) is a complete metric space. Let T : X — X be a multivalued mapping such that the following
conditions are satisfied;

1. there exists x, € X such that { x,} < Tx_0,

2. for x,y € X,x < yimpliesTx < Ty,

3. ll)(d(Tx, Ty)) < Y(max{d(x,Tx),d(y,Ty)}) + Y (max{d(x,Ty),d(y,Tx)})

+Y (d(x,y)) — ¢(max {d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx),d(x,y)})
For all comparable x,y € X where y is an altering distance function and ¢ : [0,0) — [0, ) is any
continuous function with ¢ (t) = Oifandonlyif ¢ = 0. Then T has a fixed point.
Proof: We can treat T as a multivalued mapping in which case Tx is a singleton set for every x € X.
Then we consider the same sequence { x,,} as in the proof of Theorem 2.5, Arguing exactly as in the
proof of Theorem 2.5, we have that { x,,} is a Cauchy sequence and lim,_ (x,) = z. Then the
continuity of T implies that,
z = limLe (Xptq) = lim, o T(x,) = Tz

and this proves that z is a fixed point of T.
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