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Abstract 

The Apostol-Frobenius-Euler polynomials are novel extension from the prolific studies on classical 

polynomials. In recent years, there has been great erudition focused on evaluating special functions. This 

paper obtained a simple and finite approach to evaluate the Apostol-Frobenius-Euler polynomials through 

their closed forms. Closed forms are mathematical expressions expressed using a definite number of 

standard operations. There can be constants, variables, some elementary operations, and functions, but 

conventionally, limits are excluded [1]. The researchers utilized some properties of the Bell polynomials 

of the second kind, the Faà di Bruno formula, and the determinantal representation of the quotient rule to 

obtain the closed forms. The closed forms for the Apostol-Frobenius-Euler number were also presented. 
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Introduction 

Special functions are labelled as “useful functions” in [2] as since they are substantially useful in 

mathematical physics and other branch of mathematics. They surfaced from the theories of a few 

mathematicians but persisted to be a compelling topic in modern mathematics (see [3], [4], [5], [6], [7]). 

One of many topics in special functions that emanated from the extended studies on classical polynomials 

are the Apostol-Frobenius-Euler polynomials denoted by 𝐻𝑛(𝑥, 𝜆; 𝑢) which are defined by the exponential 

generating function 

(
1 − 𝑢

𝜆𝑒𝑡 − 𝑢
) 𝑒𝑥𝑡 = ∑ 𝐻𝑛

∞

𝑛=0

(𝑥; 𝜆; 𝑢)
𝑡𝑛

𝑛!
 

where 𝜆, 𝑢 ∈ ℂ with 𝜆 ≠ 1, 𝑢 ≠ 1, 𝑢 ≠ 𝜆 as cited in [8].  When 𝑥 = 0 such that 𝐻𝑛(0, 𝜆; 𝑢) = 𝐻𝑛(𝜆; 𝑢), 

denotes the Apostol-Frobenius-Euler numbers. The Apostol-Frobenius-Euler polynomials are 

generalizations on 𝜆 -extension on Frobenius-Euler polynomials and these polynomials have been a 

subject for research for many researchers (see [9], [10], [11], [12], [13], [14], [23]). 

There has been a great erudition in recent years focused on evaluating special functions (see [19], [20], 

[21], [22]). A simple way to evaluate special functions is to obtain its closed-form expression. A 

mathematical expression expressed using a definite number of standard operations pertain to closed-form 
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expressions. There can be constants, variables, some elementary operations. and functions, but 

conventionally, limits are excluded [1]. One particular study on evaluating special function was the study 

of Hu and Kim in 2018 [15] which they incorporate the generating function of the Apostol-Bernoulli 

polynomials to the Faà di Bruno formula for computing higher order derivatives of composite functions. 

Consequently, they obtained a closed form for the Apostol-Bernoulli polynomials. 

This study will obtain two closed form expressions for Apostol-Frobenius-Euler polynomials. One of these 

closed forms involves the Stirling numbers of the second kind and the other will be presented in terms of 

the determinant of lower Hessenberg matrix. Closed forms for the Apostol-Frobenius-Euler numbers were 

also presented. 

 

Result 

Definition 2.1 [16].  The Bell polynomials of the second kind 𝐵𝑛,𝑘(𝑥1, 𝑥2, … , 𝑥𝑛−𝑘+1) are defined by 

𝐵𝑛,𝑘(𝑥1, 𝑥2, … , 𝑥𝑛−𝑘+1) = ∑
𝑛!

ℓ1!ℓ2!,…,.ℓ𝑛−𝑘+1!
(

𝑥1

1!
)

ℓ1

(
𝑥2

2!
)

ℓ2

. . . (
𝑥𝑛−𝑘+1

(𝑛−𝑘+1)!
)

ℓ𝑛−𝑘+1

 

 

where the sum is taken over all sequences ℓ1, ℓ2, … , ℓ𝑛−𝑘+1 of non-negative integers such that ℓ1 + ⋯ +

ℓ𝑛−𝑘+1 = 𝑘 and ℓ1 + 2ℓ2 + ⋯ + (𝑛 − 𝑘 + 1)ℓ𝑛−𝑘+1 = 𝑛 for 𝑛 ≥ 𝑘 ≥ 0. 

 

The Faà di Bruno formula can be described in terms of the Bell polynomials of the second kind by 

𝑑𝑛

𝑑𝑡𝑛
(𝑓 ∘ 𝑔)(𝑡) = ∑ 𝑓(𝑘)

𝑛

𝑘=0

(𝑔(𝑡))𝐵𝑛,𝑘 (𝑔′(𝑡), 𝑔″(𝑡), … , 𝑔(𝑛−𝑘+1)(𝑡))                  (1) 

Some properties of (which are lemmas in this study) of the Bell polynomials of the second kind were as 

follows: 

Lemma 2.2 [16]. For 𝑛 ≥ 𝑘 ≥ 0, the Bell polynomials of the second kind meets 

 

𝐵𝑛,𝑘(𝑥1 + 𝑦1, 𝑥2 + 𝑦2, … , 𝑥𝑛−𝑘+1 + 𝑦𝑛−𝑘+1) 

= ∑ ∑ (
𝑛

ℓ
)

ℓ+𝑚=𝑛𝑟+𝑠=𝑘

𝐵ℓ,𝑟(𝑥1, 𝑥2, … , 𝑥𝑛−𝑘+1)𝐵𝑚,𝑠(𝑦1, 𝑦2, … , 𝑦𝑛−𝑘+1). 

Lemma 2.3 [16]. For 𝑛 ≥ 𝑘 ≥ 0, where and b are any complex numbers, 

𝐵𝑛,𝑘(𝑎𝑏𝑥1, 𝑎𝑏2𝑥2, … , 𝑎𝑏𝑛−𝑘+1𝑥𝑛−𝑘+1) = 𝑎𝑘𝑏𝑛𝐵𝑛,𝑘(𝑥1, 𝑥2, … , 𝑥𝑛−𝑘+1). 

 

Lemma 2.4 [16]. For 𝑛 ≥ 𝑘 ≥ 0, 

𝐵𝑛,𝑘(1,1, … ,1)
⏟

𝑛−𝑘+1

= 𝑆(𝑛, 𝑘).
 

Definition 2.5. The formula for the 𝑛𝑡ℎ derivative of the ratio 
𝑢(𝑡)

𝑣(𝑡)
 , where 𝑢(𝑡) and 𝑣(𝑡) are differentiable 

functions such that 𝑣(𝑡) ≠  0, is given by 
𝑑𝑛

𝑑𝑡𝑛
(

𝑢

𝑣
) =

(−1)𝑛𝑊𝑛

𝑣𝑛+1
. The 𝐖𝐧 = 𝑤𝑖𝑗, such that 1 ≤ 𝑖 ≤ 𝑛 + 1 and 

1 ≤ 𝑗 ≤ 𝑛 + 1, is the determinant of the lower Hessenberg matrix which is given by, 
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𝐖𝐧 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣ 𝑢 𝑣 0 0 … 0

𝑢′ 𝑣′ 𝑣 0 … 0
𝑢″ 𝑣″ 2𝑣′ 𝑣 … 0
⋮ ⋮ ⋮ ⋮ … ⋮

𝑢(𝑛−1) 𝑣(𝑛−1) (
𝑛 − 1

1
) 𝑣(𝑛−2) (

𝑛 − 1

2
) 𝑣(𝑛−3) … 𝑣

𝑢(𝑛) 𝑣(𝑛) (
𝑛

1
) 𝑣(𝑛−1) (

𝑛

2
) 𝑣(𝑛−2) … (

𝑛

𝑛 − 1
) 𝑣′∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

where 𝑤𝑖𝑗 = 0 when 𝑗 − 𝑖 > 1 [17].   In [1], this formula was described as 

𝑑𝑛

𝑑𝑡𝑛
(

𝑢

𝑣
) =

(−1)𝑛

𝑣𝑛+1 ∣∣𝐴(𝑛+1)𝑥1 𝐵(𝑛+1)×𝑛∣∣(𝑛+1)𝑥(𝑛+1)                           (2) 

where the matrices 

𝐴(𝑛+1)×1 = (𝑎ℓ,1)
1≤ℓ≤𝑛+1

=

∣
∣
∣
∣
∣
∣
∣
∣
∣ 𝑢

𝑢′
𝑢″
⋮

𝑢(𝑛−1)

𝑢(𝑛) ∣
∣
∣
∣
∣
∣
∣
∣
∣

 

and 

𝐵(𝑛+1)×𝑛 = (𝑏ℓ,𝑚)
1≤ℓ≤𝑛+1,1≤𝑚≤𝑛

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣ 𝑣 0 0 … 0

𝑣′ 𝑣 0 … 0
𝑣″ 2𝑣′ 𝑣 … 0
⋮ ⋮ ⋮ ⋮ ⋮

𝑣(𝑛−1) (
𝑛 − 1

1
) 𝑣(𝑛−2) (

𝑛 − 1

2
) 𝑣(𝑛−3) … 𝑣

𝑣(𝑛) (
𝑛

1
) 𝑣(𝑛−1) (

𝑛

2
) 𝑣(𝑛−2) … (

𝑛

𝑛 − 1
) 𝑣′∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

 

The first theorem is the closed form for the Apostol-Frobenius-Euler polynomials in terms of the Stirling 

numbers of the second kind. 

 

Theorem 2.6. The Apostol-Frobenius-Euler polynomials 𝐻𝑛(𝑥, 𝜆; 𝑢) for 𝑛 ∈ ℕ can be expressed as, 

𝐻𝑛(𝑥; 𝜆; 𝑢) = (1 − 𝑢) ∑
(−1)𝑘𝑘!

(𝜆 − 𝑢)𝑘+1

𝑛

𝑘=0

∑ ∑ (
𝑛

ℓ
)

ℓ+𝑚=𝑛𝑟+𝑠=𝑘

𝜆𝑟(1 − 𝑥)ℓ𝑆(ℓ, 𝑟)(−𝑢)𝑠(−𝑥)𝑚𝑆(𝑚, 𝑠)  

 

where 𝜆 ,u ∈ ℂ, 𝜆 ≠ 1, 𝑢 ≠ 1, 𝑢 ≠ 𝜆. 

 

Proof.  Set 

𝑚(𝑡) = 1 − 𝑢,  𝑦 = 𝑔(𝑡) =
𝜆𝑒𝑡 − 𝑢

𝑒𝑥𝑡
,  𝑎𝑛𝑑 𝑓(𝑦) =

1

𝑦
 

then say a function ℎ(𝑡) 

ℎ(𝑡) = 𝑚(𝑡)(𝑓 ∘ 𝑔)(𝑡) = (
1 − 𝑢

𝜆𝑒𝑡 − 𝑢
𝑒𝑥𝑡) 

which corresponds to the generating function of the Apostol-Frobenius-Euler polynomials. Note that as t 

→ 0, 

https://www.ijfmr.com/
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𝑔(𝑡) =
𝜆𝑒𝑡 − 𝑢

𝑒𝑥𝑡
= 𝜆𝑒𝑡−𝑥𝑡 − 𝑢𝑒−𝑥𝑡 = 𝜆𝑒(1−𝑥)𝑡 − 𝑢𝑒−𝑥𝑡

= 𝜆 ∑
(1 − 𝑥)𝑚

𝑚!

∞

𝑚=0

𝑡𝑚 − 𝑢 ∑
(−𝑥)𝑚

𝑚!

∞

𝑚=0

𝑡𝑚

→ 𝜆 − 𝑢 .                                                                                       (3)

 

 

Therefore, the following higher-order derivatives of 𝑔(𝑡) as t → 0 were obtained as follows 

 

𝑔′(𝑡) = 𝜆 ∑
(1 − 𝑥)𝑚

(𝑚 − 1)!

∞

𝑚=1

𝑡𝑚−1 − 𝑢 ∑
(−𝑥)𝑚

(𝑚 − 1)!

∞

𝑚=1

𝑡𝑚−1                

= 𝜆(1 − 𝑥) − 𝑢(−𝑥).                                                                (4)

 

 

𝑔″(𝑡) = 𝜆 ∑
(1 − 𝑥)𝑚

(𝑚 − 2)!

∞

𝑚=2

𝑡𝑚−2 − 𝑢 ∑
(1 − 𝑥)𝑚

(𝑚 − 2)!

∞

𝑚=2

𝑡𝑚−2              

= 𝜆(1 − 𝑥)2 − 𝑢(−𝑥)2.                                                          (5)

 

 

𝑔‴(𝑡) = 𝜆 ∑
(1 − 𝑥)𝑚

(𝑚 − 3)!

∞

𝑚=3

𝑡𝑚−3 − 𝑢 ∑
(−𝑥)𝑚

(𝑚 − 3)!

∞

𝑚=3

𝑡𝑚−3

= 𝜆(1 − 𝑥)3 − 𝑢(−𝑥)3.                                                         (6)

 

 

⋮

𝑔(𝑛−𝑘+1)(𝑡) = 𝜆 ∑
(1 − 𝑥)𝑚

𝑚 − (𝑛 − 𝑘 + 1)!

∞

𝑚=𝑛−𝑘+1

𝑡𝑚−(𝑛−𝑘+1)

  −𝑢 ∑
(−𝑥)𝑚

𝑚 − (𝑛 − 𝑘 + 1)

∞

𝑚=𝑛−𝑘+1

𝑡𝑚−(𝑛−𝑘+1)

= 𝜆(1 − 𝑥)𝑛−𝑘+1 − 𝑢(−𝑥)𝑛−𝑘+1.                            (7)

 

 

On the other hand, 

𝑓(𝑦) =
1

𝑦

𝑓′(𝑦) = (−1)(𝑦)−2

𝑓″(𝑦) = (−1)(−2)(𝑦)−3

𝑓‴(𝑦) = (−1)(−2)(−3)(𝑦)−4

⋮
𝑓(𝑘)(𝑦) = (−1)𝑘(𝑘!)(𝑦)−(𝑘+1)

=
(−1)𝑘𝑘!

(𝜆 − 𝑢)𝑘+1
                                                                       (8)

 

 

Substituting (3), (4), (5), (6), (7), (8) to (1), it follows that 
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𝑑𝑛

𝑑𝑡𝑛
(𝑓 ∘ 𝑔)(𝑡) = ∑ 𝑓(𝑘)

𝑛

𝑘=0

(𝑔(𝑡))𝐵𝑛,𝑘 (𝑔′(𝑡), 𝑔″(𝑡), … , 𝑔(𝑛−𝑘+1)(𝑡))

= ∑
(−1𝑘)𝑘!

(𝜆 − 𝑢)𝑘+1

𝑛

𝑘=0

× 𝐵𝑛,𝑘(𝜆(1 − 𝑥) − 𝑢(−𝑥), 𝜆(1 − 𝑥)2 − 𝑢(−𝑥)2, … , 𝑥(1 − 𝑥)𝑛−𝑘+1 − 𝑢(𝑥)𝑛−𝑘+1)

 

 

as t → 0. Furthermore, 

 

𝑑𝑛

𝑑𝑡𝑛
(𝑓 ∘ 𝑔)(𝑡)|𝑡=0 = ∑

(−1)𝑘𝑘!

(𝜆 − 𝑢)𝑘+1

𝑛

𝑘=0

∑ ∑ (
𝑛

ℓ
)

ℓ+𝑚=𝑛𝑟+𝑠=𝑘

𝐵ℓ,𝑟(𝜆(1 − 𝑥), 𝜆(1 − 𝑥)2, … 𝜆(1 − 𝑥)𝑛−𝑘+1)

 × 𝐵𝑚,𝑠(−𝑢(−𝑥), −𝑢(−𝑥)2, … , −𝑢(−𝑥)𝑛−𝑘+1) (𝐵𝑦 𝐿𝑒𝑚𝑚𝑎 2.2)

= ∑
(−1)𝑘𝑘!

(𝜆 − 𝑢)𝑘+1

𝑛

𝑘=0

∑ ∑ (
𝑛

ℓ
)

ℓ+𝑚=𝑛𝑟+𝑠=𝑘

𝜆𝑟(1 − 𝑥)ℓ𝐵ℓ,𝑟(1,1,1, … ,1)

 × (−𝑢)𝑠(−𝑥)𝑚𝐵𝑚,𝑠(1,1,1, … ,1) (𝐵𝑦 𝐿𝑒𝑚𝑚𝑎 2.3)

= ∑
(−1)𝑘𝑘!

(𝜆 − 𝑢)𝑘+1

𝑛

𝑘=0

∑ ∑ (
𝑛

ℓ
)

ℓ+𝑚=𝑛𝑟+𝑠=𝑘

𝜆𝑟(1 − 𝑥)ℓ𝑆(ℓ, 𝑟)(−𝑢)𝑠(−𝑥)𝑚𝑆(𝑚, 𝑠).

 (𝐵𝑦 𝐿𝑒𝑚𝑚𝑎 2.4)

 

 

By Leibnitz’s formula for the nth derivative of the product of two functions, 

 

𝑑𝑛

𝑑𝑡𝑛
ℎ(𝑡) =

𝑑𝑛

𝑑𝑡𝑛
𝑚(𝑡)(𝑓 ∘ 𝑔)(𝑡)

= ∑ (
𝑛

𝜄
)

𝑛

𝜄=0

(𝑓 ∘ 𝑔)(𝑡)(𝑛−𝜄)𝑚(𝑡)(𝜄)

= (1 − 𝑢)
𝑑𝑛

𝑑𝑡𝑛
(𝑓 ∘ 𝑔)(𝑡)

= (1 − 𝑢) ∑
(−1)𝑘𝑘!

(𝜆 − 𝑢)𝑘+1

𝑛

𝑘=0

 × ∑ ∑ (
𝑛

ℓ
)

ℓ+𝑚=𝑛𝑟+𝑠=𝑘

𝜆𝑟(1 − 𝜆)ℓ𝑆(ℓ, 𝑟)(−𝑢)𝑠(−𝑥)𝑚𝑆(𝑚, 𝑠)

 

as t → 0. ∎ 

 

The next result is an immediate consequence of Theorem 2.6. 

 

Corollary 2.7. Suppose 𝑥 = 0. The Apostol-Frobenius-Euler numbers 𝐻𝑛(𝜆; 𝑢) (𝑛 ∈ ℕ) can be expressed 

as 

𝐻𝑛(𝜆; 𝑢) = (1 − 𝑢) ∑
(−1)𝑘𝑘!

(𝜆 − 𝑢)𝑘+1

𝑛

𝑘=0

𝜆𝑘𝑆(𝑛, 𝑘). 

https://www.ijfmr.com/
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where 𝜆 ,u ∈ ℂ, 𝜆 ≠ 1, 𝑢 ≠ 1, 𝑢 ≠ 𝜆. 

The next theorem is the determinantal expression for the Apostol-Frobenius-Euler polynomials. 

 

Theorem 2.8. The Apostol-Frobenius-Euler polynomials 𝐻𝑛(𝑥; 𝜆; 𝑢) for 𝑛 ∈ ℕ where 𝜆 ,u ∈ ℂ, 𝜆 ≠

1, 𝑢 ≠ 1, 𝑢 ≠ 𝜆 can be expressed as 

 

(𝑥, 𝜆; 𝑢) =
(1 − 𝑢)(−1)𝑛

(𝜆 − 𝑢)𝑛+1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣ 1 𝜆 − 𝑢 0 0 … 0

𝑥 𝜆 𝜆 − 𝑢 0 … 0
𝑥2 𝜆 2𝜆 𝜆 − 𝑢 … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑥𝑛−1 𝜆 (
𝑛 − 1

1
) 𝜆 (

𝑛 − 1

2
) 𝜆 … 𝜆 − 𝑢

𝑥𝑛 𝜆 (
𝑛

1
) 𝜆 (

𝑛

2
) 𝜆 … (

𝑛

𝑛 − 1
) 𝜆∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

 

with |⋅| denotes the (𝑛 + 1) × (𝑛 + 1) determinant of the lower Hessenberg matrix. 

Proof. Set 

𝑚(𝑡) = 1 − 𝑢,  𝑢(𝑡) = 𝑒𝑥𝑡,  𝑣(𝑡) = 𝜆𝑒𝑡 − 𝑢. 

Then say a function ℎ(𝑡) 

ℎ(𝑡) = 𝑚(𝑡) (
𝑢(𝑡)

𝑣(𝑡)
) = (

1 − 𝑢

𝜆𝑒𝑡 − 𝑢
) 𝑒𝑥𝑡 

which corresponds to the generating function of the Apostol-Frobenius-Euler polynomials. Now as t → 0, 

 

𝑣(𝑡) = 𝜆𝑒𝑡 − 𝑢

= 𝜆 ∑
𝑡𝑚

𝑚!

∞

𝑚=0

− 𝑢

→ 𝜆 − 𝑢

 

 

𝑣′(𝑡) = 𝜆 ∑
𝑡𝑚−1

(𝑚 − 1)!

∞

𝑚=1

= 𝜆

 

 

𝑣″(𝑡) = 𝜆 ∑
𝑡𝑚−2

(𝑚 − 2)!

∞

𝑚=2

= 𝜆

 

 

⋮

𝑣(𝑛)(𝑡) = 𝜆 ∑
𝑡𝑚−𝑛

(𝑚 − 𝑛)!

∞

𝑚=𝑛

= 𝜆

 

 

Furthermore, 
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𝑢(𝑡) = 𝑒𝑥𝑡 = ∑
𝑥𝑚

𝑚!

∞

𝑚=0

𝑡𝑚  =  1 

 

𝑢′(𝑡) = ∑
𝑥𝑚

(𝑚 − 1)!

∞

𝑚=1

𝑡𝑚−1

= 𝑥

 

 

𝑢″(𝑡) = ∑
𝑥𝑚

(𝑚 − 2!

∞

𝑚=2

𝑡𝑚−2

= 𝑥2

 

 

⋮

𝑢(𝑛)(𝑡) = ∑
𝑥𝑚

(𝑚 − 𝑛)!

∞

𝑚=𝑛

𝑡𝑚−𝑛

= 𝑥𝑛

 

as t → 0.  Therefore the matrix 𝐴(𝑛+1)×1 = (𝑎ℓ,1)
1≤ℓ≤𝑛+1

 and 𝐵(𝑛+1)×𝑛 = (𝑏ℓ,𝑚)
1≤ℓ≤𝑛+1,1≤𝑚≤𝑛

 in (2.) can 

be represented as 

𝐴(𝑛+1)×1 = (𝑎ℓ,1)
1≤ℓ≤𝑛+1

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣ 1

𝑥
𝑥2

⋮
𝑥𝑛−1

𝑥𝑛 ∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

and 

 𝐵(𝑛+1)×𝑛 = (𝑏ℓ,𝑚)
1≤ℓ≤𝑛+1,1≤𝑚≤𝑛

=

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣𝜆 − 𝑢 0 0 … 0

𝜆 𝜆 − 𝑢 0 … 0
𝜆 2𝜆 𝜆 − 𝑢 … 0
⋮ ⋮ ⋮ ⋮ ⋮

𝜆 (
𝑛 − 1

1
) 𝜆 (

𝑛 − 1

2
) 𝜆 … 𝜆 − 𝑢

𝜆 (
𝑛

1
) 𝜆 (

𝑛

2
) 𝜆 … (

𝑛

𝑛 − 1
) 𝜆∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

 

Therefore, 
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𝑑𝑛

𝑑𝑡𝑛
(

𝑢

𝑣
) =

(−1)𝑛

(𝑣)𝑛+1 ∣∣𝐴(𝑛+1)𝑥1 𝐵(𝑛+1)×𝑛∣∣

=
(−1)𝑛

(𝜆 − 𝑢)𝑛+1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣ 1 𝜆 − 𝑢 0 0 … 0

𝑥 𝜆 𝜆 − 𝑢 0 … 0
𝑥2 𝜆 2𝜆 𝜆 − 𝑢 … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑥𝑛−1 𝜆 (
𝑛 − 1

1
) 𝜆 (

𝑛 − 1

2
) 𝜆 … 𝜆 − 𝑢

𝑥𝑛 𝜆 (
𝑛

1
) 𝜆 (

𝑛

2
) 𝜆 … (

𝑛

𝑛 − 1
) 𝜆∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

 

By Leibnitz’s formula for the nth derivative of the product of two functions, 

𝑑𝑛

𝑑𝑡𝑛
ℎ(𝑡) =

𝑑𝑛

𝑑𝑡𝑛
(𝑚(𝑡) (

𝑢

𝑣
))

= ∑ (
𝑛

𝜄
)

𝑛

𝜄=0

(
𝑢

𝑣
)

(𝑛−𝜄)

𝑚(𝑡)(𝜄)

= (1 − 𝑢) (
𝑢

𝑣
)

𝑛

= (1 − 𝑢)
𝑑𝑛

𝑑𝑡𝑛
(

𝑢

𝑣
)

→
(1 − 𝑢)(−1)𝑛

(𝜆 − 𝑢)𝑛+1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣ 1 𝜆 − 𝑢 0 0 … 0

𝑥 𝜆 𝜆 − 𝑢 0 … 0
𝑥2 𝜆 2𝜆 𝜆 − 𝑢 … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝑥𝑛−1 𝜆 (
𝑛 − 1

1
) 𝜆 (

𝑛 − 1

2
) 𝜆 … 𝜆 − 𝑢

𝑥𝑛 𝜆 (
𝑛

1
) 𝜆 (

𝑛

2
) 𝜆 … (

𝑛

𝑛 − 1
) 𝜆∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

as t → 0 and |. |(𝑛+1)×(𝑛+1) denotes the (𝑛 + 1) × (𝑛 + 1) determinant of the lower Hessenberg matrix. 

∎ 

 

The next result is an immediate consequence of Theorem 2.8. 

 

Corollary 2.9. Suppose 𝑥 = 0. The Apostol-Frobenius-Euler numbers 𝐻𝑛(𝜆; 𝑢) (𝑛 ∈ ℕ) where 𝜆 ,u ∈

ℂ, 𝜆 ≠ 1, 𝑢 ≠ 1, 𝑢 ≠ 𝜆 can be expressed as 

𝐻𝑛(𝜆; 𝑢) =
(1 − 𝑢)(−1)𝑛

(𝜆 − 𝑢)𝑛+1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣1 𝜆 − 𝑢 0 0 … 0
0 𝜆 𝜆 − 𝑢 0 … 0
0 𝜆 2𝜆 𝜆 − 𝑢 … 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮

0 𝜆 (
𝑛 − 1

1
) 𝜆 (

𝑛 − 1

2
) 𝜆 … 𝜆 − 𝑢

0 𝜆 (
𝑛

1
) 𝜆 (

𝑛

2
) 𝜆 … (

𝑛

𝑛 − 1
) 𝜆∣

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

 

with |⋅| denotes the (𝑛 + 1) × (𝑛 + 1) determinant of the lower Hessenberg matrix. 
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Conclusion 

With the proofs presented from the previous section, the closed forms for the Apostol-Frobenius-Euler 

polynomials were established. The generating function of the Apostol-Frobenius-Euler polynomials was 

crucial in determining its closed forms because it paved way for the researchers to make use with the 

following: (1) some properties of the Bell polynomials of the second kind, (2) the Faà di Bruno formula 

for computing higher order derivatives of composite functions, (3) by Leibnitz formula for the nth 

derivative of the product of two function, (4) and the determinantal representation of the quotient rule. 

These allow the closed forms be obtained. 
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